Can Information Heterogeneity Explain the Exchange Rate
Determination Puzzle?

By PHILIPPE BACCHETTA AND ERIC VAN WINCOOP*

Empirical evidence shows that most exchange rate volatility at short to medium
horizons is related to order flow and not to macroeconomic variables. We introduce
symmetric information dispersion about future macroeconomic fundamentals in a
dynamic rational expectations model in order to explain these stylized facts.
Consistent with the evidence, the model implies that (a) observed fundamentals
account for little of exchange rate volatility in the short to medium run, (b) over long
horizons, the exchange rate is closely related to observed fundamentals, (c) ex-
change rate changes are a weak predictor of future fundamentals, and (d) the
exchange rate is closely related to order flow. (JEL F3, F4, GO, G1, EO)

The poor explanatory power of existing the-
ories of the nominal exchange rate is most likely
the major weakness of international macroeco-
nomics. Richard A. Meese and Kenneth Rogoff
(1983) and the subsequent literature have found
that a random walk predicts exchange rates
better than macroeconomic models in the
short run. Richard Lyons (2001) refers to the
weak explanatory power of macroeconomic
fundamentals as the “exchange rate determi-
nation puzzle.”

This puzzle is less acute for long-run ex-
change rate movements, since there is extensive
evidence of a much closer relationship between
exchange rates and fundamentals at horizons of
two to four years (e.g., see Nelson C. Mark,
1995). Recent evidence from the microstructure
approach to exchange rates suggests that in-
vestor heterogeneity might play a key role in
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explaining exchange rate fluctuations. In partic-
ular, Martin D. D. Evans and Lyons (2002b)
show that most short-run exchange rate volatil-
ity is related to order flow, which in turn is
associated with investor heterogeneity.' Since
these features are not present in existing theo-
ries, a natural suspect for the failure of current
models to explain exchange rate movements is
the standard hypothesis of a representative
agent.

The goal of this paper is to present an alter-
native to the representative agent model that can
explain the exchange rate determination puzzle
and the evidence on order flow. We introduce
heterogeneous information into a standard dy-
namic monetary model of exchange rate deter-
mination. There is a continuum of investors
who differ in two respects. First, they have
symmetrically dispersed information about fu-
ture macroeconomic fundamentals.” Second,
they face different exchange rate risk exposure
associated with nonasset income. This exposure
is private information and leads to hedge trades
whose aggregate is unobservable. Our main

! See also Evans and Lyons (2002a), Harald Hau et al.
(2002), Geir Bjgnnes et al. (2005), and Kenneth A. Froot
and Tarun Ramadorai (2005).

2 We know from extensive survey evidence that inves-
tors have different views about the macroeconomic outlook.
There is also evidence that exchange rate expectations differ
substantially across investors. See Takatoshi Ito (1990),
Ronald MacDonald and Ian W. Marsh (1996), Graham
Elliott and Ito (1999), and Dionysios Chionis and Mac-
Donald (2002).
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finding is that information heterogeneity dis-
connects the exchange rate from observed mac-
roeconomic fundamentals in the short run,
while there is a close relationship in the long
run. At the same time there is a close link
between the exchange rate and order flow over
all horizons.

Our modeling approach integrates several
strands of literature. First, it has in common
with most of the existing (open economy)
macro literature that we adopt a fully dynamic
general equilibrium model, leading to time-in-
variant second moments. Second, it has in com-
mon with the noisy rational expectations
literature in finance that the asset price (ex-
change rate) aggregates private information of
individual investors, with unobserved shocks
preventing average private signals from being
fully revealed by the price. The latter are mod-
eled endogenously as hedge trades in our model.®
Third, it has in common with the microstructure
literature of the foreign exchange market that pri-
vate information is transmitted to the market
through order flow.*

Most models in the noisy rational expecta-
tions literature and microstructure literature are
static or two-period models.> This makes them
ill-suited to address the disconnect between as-
set prices and fundamentals, which has a dy-
namic dimension since the disconnect is much
stronger at short horizons. Even the few dy-
namic rational expectation models in the fi-
nance literature cannot be applied in our
context. Jiang Wang (1993, 1994) develops an
infinite horizon, noisy rational expectations
model with a hierarchical information structure.
There are only two types of investors, one of
which can fully observe the variables affecting
the equilibrium asset price. We believe that it is
more appropriate to consider cases where no
class of investors has superior information and
where there is broader dispersion of informa-
tion. Several papers make a step in this direction

3 Some recent papers in the exchange rate literature have
introduced exogenous noise in the foreign exchange market.
They do not, however, consider information dispersion
about future macro fundamentals. Examples are Hau
(1998), Mark and Yangru Wu (1998), Michael B. Devereux
and Charles Engel (2002), Olivier Jeanne and Andrew K.
Rose (2002), and Robert Kollman (2002).

#See Lyons (2001) for an overview of this literature.

5 See Markus K. Brunnermeier (2001) for an overview.
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by examining symmetrically dispersed informa-
tion in a multiperiod model, but they examine
only an asset with a single payoff at a terminal
date.®

For the dynamic dimension of our paper, we
rely on the important paper by Robert M.
Townsend (1983). Townsend analyzed a busi-
ness cycle model with symmetrically dispersed
information. As is the case in our model, the
solution exhibits infinitely higher-order expec-
tations (expectations of other agents’ expecta-
tions).” We adapt Townsend’s solution procedure
to our model. The only application to asset pricing
we are aware of is Kenneth J. Singleton (1987),
who applies Townsend’s method to a model for
government bonds with a symmetric information
structure.®

Another feature of our paper is the explicit
modeling of order flow in a general equilibrium
model. This gives a theoretical framework to
guide empirical work on order flow. We show,
for example, how order flow precedes prices
and thus conveys information. To derive order
flow, we take a different perspective on the
equilibrium mechanism. Typically, the equilib-
rium price of a competitive noisy rational ex-

© See Hua He and Wang (1995), Xavier Vives (1995), F.
Douglas Foster and S. Viswanathan (1996), Michael J.
Brennan and H. Henry Cao (1997), or Franklin Allen et al.
(forthcoming). Brennan and Cao assume that private infor-
mation is symmetrically dispersed among agents within a
country, while there is also asymmetric information be-
tween countries.

7 Subsequent contributions have been mostly technical,
solving the same model as in Townsend (1983) with alter-
native methods. See Thomas J. Sargent (1991) and Kenneth
Kasa (2000). Probably as a result of the technical difficulty
in solving these models, the macroeconomics literature has
devoted relatively little attention to heterogeneous informa-
tion in the last two decades. This contrasts with the 1970s
where, following Robert E. Lucas (1972), there had been
active research on rational expectations and heterogeneous
information (e.g., see Robert G. King, 1982). Recently,
information issues in the context of price rigidity have again
been brought to the forefront in contributions by N. Gregory
Mankiw and Ricardo Reis (2002) and Michael Woodford
(2003).

8 In Singleton’s model there is no information dispersion
about the payoff structure on the assets (in this case, cou-
pons on government bonds), but there is private information
about whether noise trade is transitory or persistent. The
uncertainty is resolved after two periods. John P. Hussman
(1992) and Kasa et al. (2004) also study dynamic asset
pricing models with infinitely higher-order expectations,
but do not adopt a symmetrically dispersed information
structure.
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pectation model is seen as determined by a
Walrasian auctioneer. The equilibrium can also
be interpreted, however, as the outcome of an
order-driven auction market, whereby market
orders based on private information hit an out-
standing limit order book. This characterization
resembles the electronic trading system that
nowadays dominates the interbank foreign ex-
change market. As is common in the theoretical
literature, we define limit orders as orders that
are conditional on public information and the
(yet unknown) exchange rate. Limit orders pro-
vide liquidity to the market. Market orders take
liquidity from the market and are associated
with private information. Order flow is equal to
net market orders. Not surprisingly, the weak
relationship in the model between short-run ex-
change rate fluctuations and publicly observed
fundamentals is closely mirrored by the close
relationship between exchange rate fluctuations
and order flow.”

The dynamic implications of the model for
the relationship between the exchange rate, ob-
served fundamentals, and order flow can be
understood as follows. In the short run, rational
confusion plays an important role in disconnect-
ing the exchange rate from observed fundamen-
tals. Investors do not know whether an increase
in the exchange rate is driven by an improve-
ment in average private signals about future
fundamentals or an increase in unobserved
hedge trades. This implies that unobserved
hedge trades have an amplified effect on the
exchange rate since they are confused with
changes in average private signals about future
fundamentals.'® We show that a small amount
of hedge trades can become the dominant
source of exchange rate volatility when infor-

9 In recent work closely related to ours, Evans and Lyons
(2004) also introduce microstructure features in a dynamic
general equilibrium model in order to shed light on ex-
change rate puzzles. There are three important differences in
comparison to our approach. First, they adopt a quote-
driven market, while we model an order-driven auction
market. Second, they assume that all investors within one
country have the same information, while there is asymmet-
ric information across countries. Third, their model is not in
the noisy rational expectations tradition.

' The basic idea of rational confusion can already be
found in the noisy rational expectation literature. For exam-
ple, Gérard Gennotte and Hayne Leland (1990) and David
Romer (1993) argued that such rational confusion played a
critical role in amplifying noninformational trade during the
stock-market crash of October 19, 1987.
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mation is heterogeneous, while it has practically
no effect on the exchange rate when investors
have common information. Moreover, our numer-
ical simulations show that these effects are quan-
titatively consistent with empirical evidence.

In the long run there is a close relationship
between the exchange rate, observed fundamen-
tals, and cumulative order flow. First, rational
confusion gradually dissipates as investors learn
more about future fundamentals.'' The impact
of unobserved hedge trades on the equilibrium
price therefore gradually weakens, leading to a
closer long-run relationship between the ex-
change rate and observed fundamentals. Sec-
ond, when the fundamental has a permanent
component, the exchange rate and cumulative
order flow are closely linked in the long run.
Private information about permanent future
changes in the fundamental is transmitted to the
market through order flow, so that order flow
has a permanent effect on the exchange rate.

The remainder of the paper is organized as
follows. Section I describes the model and so-
lution method. Section II considers a special
case of the model in order to develop intuition
for our key results. Section III discusses the
implications of the dynamic features of the
model. Section IV presents numerical results
based on the general dynamic model and Sec-
tion V concludes.

1. A Monetary Model with Information
Dispersion

A. Basic Setup

Our model contains the three basic building
blocks of the standard monetary model of ex-
change rate determination: (a) money market
equilibrium, (b) purchasing power parity, and
(c) interest rate arbitrage. We modify the stan-
dard monetary model by assuming incomplete
and dispersed information across investors.
Before describing the precise information
structure, we first derive a general solution to

' Another recent paper on exchange rate dynamics
where learning plays an important role is Pierre-Olivier
Gourinchas and Aaron Tornell (2004). In that paper, in
which there is no investor heterogeneity, agents learn about
the nature of interest rate shocks (transitory or persistent),
but there is an irrational misperception about the second
moments in interest rate forecasts that never goes away.
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the exchange rate under heterogeneous infor-
mation, in which the exchange rate depends
on higher-order expectations of future macro-
economic fundamentals. This generalizes the
standard equilibrium exchange rate equation
that depends on common expectations of future
fundamentals.

Both observable and unobservable funda-
mentals affect the exchange rate. The observ-
able fundamental is the ratio of money supplies.
We assume that investors have heterogeneous
information about future money supplies. The
unobservable fundamental takes the form of an
aggregate hedge against nonasset income in the
demand for foreign exchange. This unobserv-
able element introduces noise in the foreign
exchange market in the sense that it prevents
investors from inferring average expectations
about future money supplies from the price.'?
This trade also affects the risk premium in the
interest rate arbitrage condition. Notice that the
unobserved hedge trades are true aggregate fun-
damentals that drive the equilibrium exchange
rate, but they are typically not called fundamen-
tals by macroeconomists because they cannot
be directly observed.

There are two economies. They produce the
same good, so that purchasing power parity
holds:

(1) pi=Dpits,.

Local currency prices are in logs and s, is the
log of the nominal exchange rate (home per
foreign currency).

There is a continuum of investors in both
countries on the interval [0, 1]. We assume that
there are overlapping generations of agents who
live for two periods and make only one invest-
ment decision. Before dying, investor i passes
on his or her private information to the next
investor i born the following period. This my-
opic agent setup significantly simplifies the pre-
sentation, helps in providing intuition, and
allows us to obtain an exact solution to the
model."?

12 For alternative modeling of “noise” from rational be-
havior, see Matthew Spiegel and Avanidhar Subrahmanyam
(1992), Wang (1994), and James Dow and Gary Gorton
(1995).

13 See Singleton (1987) for the same setup. In an earlier
version of the paper, Bacchetta and van Wincoop (2003),
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Investors in both economies can invest in
four assets: money of their own country, nom-
inal bonds of both countries with interest rates i,
and % and a technology with fixed real return r
that is in infinite supply. We assume a small
open-economy setting. The Home country is
large and the Foreign country infinitesimally
small; variables from the latter are starred. Bond
market equilibrium is therefore entirely deter-
mined by investors in the large Home country,
on which we will focus. We also assume that
money supply in the large country is constant. It
is easy to show that this implies a constant price
level p, in equilibrium, so that i, = r. For ease of
notation, we just assume a constant p,. Money
supply in the small country is stochastic.

The wealth w} of investors born at time ¢ is
given by a fixed endowment. At time ¢ + 1
these investors receive the return on their in-
vestments plus income y;,; from time ¢ + 1
production. We assume that production depends
both on the exchange rate and on real money
holdings #i; through the function y;,, =
Ns, . — 1ii(in(i}) — Dla, with @ > 0.'* The
coefficient A; measures the exchange rate expo-
sure of the nonasset income of investor i. We
assume that A/ is time varying and known only
to investor i. This will generate an idiosyncratic
hedging term. Agent i maximizes

—E§e770j+l

subject to

C§+1 = (1 + l',)Wi + (st+1 -85t i;k_ it)biFt

- l,]’Fl; + yi+ 1>

where b, is invested in foreign bonds and
s,.1 — s, + i¥— i is the log-linearized excess
return on investing abroad.

Combining the first-order condition for

money holdings with money market equilib-
rium in both countries, we get

we also consider an infinite-horizon version. While this
significantly complicates the solution method, numerical
results are almost identical.

'4 By introducing money through production rather than
utility, we avoid making money demand a function of
consumption, which would complicate the solution.
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(2) m, — p;= _air
3) my— pi= —aif,

where m, and m* are the logs of domestic and
foreign nominal money supply.

The demand for foreign bonds by investor i
- .15
is:

i Ei(st+1)_st+i;!<_it
(C)) Ft — 2
YO,

— b;’

where the conditional variance of next peri-
od’s exchange rate is ¢, which is the same
for all investors in equilibrium. We focus on
equilibria where the conditional variance of
next period’s exchange rate is time-invariant.
The hedge against nonasset income is repre-
sented by b} = AL

We assume that the exchange rate exposure is
equal to the average exposure plus an idiosyn-
cratic term, so that b; = b, + &;. We consider the
limiting case where the variance of &; ap-
proaches infinity, so that knowing one’s own
exchange rate exposure provides no information
about the average exposure. This assumption is
made only for convenience and our results do
not qualitatively change when we assume a
finite, but positive, variance of &;. The key as-
sumption is that the aggregate hedge component
b, is unobservable. We assume that b, follows an
AR(1) process:

(5) bt = Pbbt—1 + Sf’

where &7 ~ N0, 07). While b, is an unobserved
fundamental, the assumed autoregressive pro-
cess is known by all agents.

B. Market Equilibrium and Higher-Order
Expectations

Since bonds are in zero net supply, market
equilibrium is given by [{, b%, di = 0. One way
to reach equilibrium is to have a Walrasian
auctioneer to whom investors submit their de-

'S Here we implicitly assume that s, ; is normally dis-
tributed. We will see in Section ID that the equilibrium
exchange rate indeed has a normal distribution.
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mand schedule b%,. We show below that the
same equilibrium can also be implemented by
introducing a richer microstructure in the form
of an order-driven auction market.

Market equilibrium yields the following in-
terest rate arbitrage condition:

(6) Er(SH—I) -8 = ir - lf—’_ yorzbr,

where E, is the average rational expectation
across all investors. The model is summarized
by (1), (2), (3), and (6). Other than the risk pre-
mium in the interest rate arbitrage condition, as-
sociated with nonobservable trade, these equations
are the standard building blocks of the monetary
model of exchange rate determination.

Defining the observable fundamental as f, =
(m, — m?), in Appendix A we derive the fol-
lowing equilibrium exchange rate:

| a \*
) s':1+a2(l+a)
k=0
X E,r((f;-%—k_ a’YO't2+kbr+k),

where E?(xt) = Xp Etl('xt+l) = Et('xt+l) and
higher-order expectations are defined as

(8) Ef(xx+k) = ErEz-H Er+k—l(xr+k)-
Thus, the exchange rate at time ¢ depends on
the fundamental at time ¢, the average expectation
at ¢ of the fundamental at time ¢ + 1, the average
expectation at ¢ of the average expectation at ¢ +
1 of the fundamental at t + 2, etc. The law of
iterated expectations does not apply to average
expectations. For example, EE,, (5,1, #
E(s,,).'® This is a basic feature of asset pricing
under heterogeneous expectations: the expectation
of other investors’ expectations matters.'” In a
dynamic system, this leads to the infinite regress

16 See Bacchetta and van Wincoop (2004a) and Allen et
al. (forthcoming).

7 Notice that the higher-order expectations are of a
dynamic nature, i.e., today’s expectations of tomorrow’s
expectations. This contrasts with most of the literature that
considers higher-order expectations in a static context with
strategic externalities, e.g., Stephen Morris and Hyun Song
Shin (2002) or Woodford (2003).
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problem, as analyzed in Townsend (1983): as the
horizon goes to infinity, the dimensionality of the
expectation term goes to infinity.

C. The Information Structure

We assume that at time ¢ investors observe all
past and current f,, while they receive private
signals about f; , |, ..., f,, 7~ More precisely, we
assume that investors receive one signal each
period about the observable fundamental T pe-
riods ahead. For example, at time ¢ investor i
receives a signal

e/’ ~ MO, 7)),

(9) v£:ﬁ+T+8;Jis

where £ is independent from f,, ; and other
agents’ signals.'® As usual in this context, we
assume that the average signal received by in-
vestors is f, , 1, i.e., [o v di = f, . ."°

We also assume that the observable funda-
mental’s process is known by all agents and
consider a general process:

(10) fi=DWel, &~ NO, o7),

where D(L) = d, + d,L + d;L + -~ and L is the
lag operator. Since investors observe current
and lagged values of the fundamental, knowing
the process provides information about the fun-
damental at future dates.

D. Solution Method

In order to solve the equilibrium exchange
rate, there is no need to compute all the higher-
order expectations it depends on. The key equa-
tion used in the solution method is the interest
rate arbitrage condition (6), which captures for-
eign exchange market equilibrium. It involves
only a first-order average market expectation.
We adopt a method of undetermined coeffi-
cients, conjecturing an equilibrium exchange
rate equation and then verifying that it satisfies
the equilibrium condition (6). Townsend (1983)

'8 This implies that, each period, investors have T signals
that are informative about future observed fundamentals.
Note that the analysis could be easily extended to the case
where investors receive a vector of signals each period.

19 See Anat R. Admati (1985) for a discussion.
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adopts a similar method for solving a business
cycle model with higher-order expectations.?’
Here we provide a brief description of the so-
lution method, leaving details to Appendix B.
We conjecture the following equilibrium ex-
change rate equation that depends on shocks to
observable and unobservable fundamentals:

an s, = A(L)el 7+ B(L)e;,

where A(L) and B(L) are infinite order polyno-
mials in the lag operator L. The errors &;” do not
enter the exchange rate equation as they average
to zero across investors. Since at time ¢ inves-
tors observe the fundamental f,, only the inno-
vations & between ¢+ + 1 and ¢t + T are
unknown. Similarly shocks &” between 1 — T
and ¢ are unknown. Exchange rates at time ¢ —
T and earlier, together with knowledge of &' at
time ¢ and earlier, reveal the shocks &” at time
t — T and earlier.”!

Investors solve a signal extraction problem
for the finite number of unknown innovations.
Both private signals and exchange rates from
time t — 7 + 1 to ¢ provide information about
the unknown innovations. The solution to the
signal extraction problem leads to expectations
at time ¢ of the unknowns as a function of
observables, which in turn can be written as a
function of the innovations themselves. One can
then compute the average expectation of s, ;.
Substituting the result into the interest rate ar-
bitrage condition (6) leads to a new exchange
rate equation. The coefficients of the polynomi-
als A(L) and B(L) can then be derived by solving
a fixed point problem, equating the coefficients
of the conjectured exchange rate equation to
those in the equilibrium exchange rate equation.
Although the lag polynomials are of infinite

29 The solution method described in Townsend (1983)
applies to the model in section 8 of that paper where the
economy-wide average price is observed with noise.
Townsend (1983) mistakenly believed that higher-order ex-
pectations are also relevant in a two-sector version of the
model where firms observe each other’s prices without
noise. Joseph G. Pearlman and Sargent (2005) show that the
equilibrium fully reveals private information in that case.

2! Here we implicitly assume that the B(L) polynomial is
invertible, which is the case when the roots of B(L) = 0 are
outside the unit circle. This assumption holds for all the
parameterizations of the model considered below. See Ap-
pendix B.3 for a discussion.
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order, for lags longer than 7 periods the infor-
mation dispersion plays no role and an analyti-
cal solution to the coefficients is feasible.”

A couple of comments about multiplicity of
equilibria are in order. Models with heteroge-
neous information do not necessarily lead to
multiple equilibria.®> Multiple equilibria can
arise when the conditional variance of next pe-
riod’s asset price is endogenous, as shown by
Stephen McCafferty and Robert Driskill (1980).
But that applies to both common knowledge
and heterogeneous information models. In the
context of our model, the intuition is that a
higher conditional variance of next period’s ex-
change rate leads to a bigger impact of hedge
trades on the exchange rate through the risk-
premium channel, which indeed justifies the
higher conditional variance. For the special case
T = 1 we discuss below, analytical results can
be obtained. It is easy to check in that case that
for a given ¢” there is a unique solution to the
exchange rate equation. But when allowing for
the endogeneity of o> we find that there are
always two equilibria, a low and a high o*
equilibrium.** For the more general case where
T > 1, we confirm numerically that there are
two equilibria.?> In Bacchetta and van Wincoop
(2003) we show that the high variance equilib-
rium is unstable. Our numerical analysis in the
paper, therefore, always focuses on the low
variance equilibrium.

E. Order Flow

Evans and Lyons (2002b) define order flow
as “the net of buyer-initiated and seller-initiated

22 In Bacchetta and van Wincoop (2003), we solve the
model for the case where investors have infinite horizons.
The solution is then complicated by the fact that investors
also need to hedge against changes in expected future re-
turns. This hedge term depends on the infinite state space,
which is truncated to obtain an approximate solution. Nu-
merical results are almost identical to the case of overlap-
ping generations.

23 Peter DeMarzo and Costis Skiadas (1998) show that
the well-known heterogeneous information model of San-
ford J. Grossman (1976) has a unique equilibrium.

2% A technical appendix that is available from the authors
on request proves these points for 7 = 1.

25 We check this by searching over a very wide space of
possible ”. There is an equilibrium only when the conjec-
tured o> is equal to the conditional variance implied by the
resulting exchange rate equation.
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orders.” While each transaction involves a
buyer and a seller, the sign of the transaction is
determined by the initiator of the transaction.
The initiator of a transaction is the trader (either
buyer or seller) who acts based on new private
information. In our setup, this includes both
private information about the future fundamen-
tal and private information that leads to hedge
trades. The passive side of trade varies across
models. In a quote-driven dealer market, such as
modeled by Evans and Lyons (2002b), the quot-
ing dealer is on the passive side. The foreign
exchange market has traditionally been charac-
terized as a quote-driven multi-dealer market,
but the recent increase in electronic trading
(e.g., EBS) implies that a majority of interbank
trade is done through an auction market. In that
case the limit orders are the passive side of
transactions and provide liquidity to the market.
The initiated orders are referred to as market
orders that are confronted with the passive out-
standing limit order book.

In the standard noisy rational expectations
literature, the order flow plays no role, while the
asset price conveys information. But how can
the price convey information when the price is
unknown at the time asset demand orders are
placed? This is possible only when investors
submit demand functions that are conditional on
the price. One can think of those demand func-
tions being submitted to an implicit auctioneer,
who then finds the equilibrium price.

There is an alternative interpretation, how-
ever, of how the equilibrium price is set in such
models, which connects more closely to the
explicit auction market nature of the present
foreign exchange market. Investors submit their
demand functions for foreign bonds in two com-
ponents, market orders (order flow) and limit
orders. Limit orders depend on available public
information and are conditioned on the exchange
rate itself. These are passive orders that are exe-
cuted only when confronted with market orders.
Market orders are associated with the private in-
formation component of asset demand.*®

2 One way to formalize this separation into limit and
market orders is to introduce foreign exchange dealers to
whom investors delegate price discovery. Dealers are sim-
ply a veil, passing on customer orders to the interdealer
market, where price discovery takes place. Customers sub-
mit their demand functions to dealers through a combination
of limit and market orders. Dealers can place both types of
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To be more precise, let I' be the private
information set available to agent i at time ¢, and
I’ the public information set available to all
investors at the time market orders are submit-
ted. The exchange rate s, is not part of the
information set at the time orders are placed, but
investors can submit limit orders that are con-
ditional on the exchange rate. After computing
the expected exchange rate next period as a
function of the information set and of s,, it is
easy to show that there are parameters «;, a,,
and a5 such that the demand for foreign bonds
can be rewritten as

(12) b= P+ ays, + ol

Market orders are defined as the pure private
information component of asset demand, which
is equal to

(13) Axi = a3I£ - E(aslﬁllf)-

Note that we do not condition on the exchange
rate s, since it is not known at the time the
market orders are placed; only limit orders can
be conditioned on the exchange rate. Limit or-
ders consist of the remaining component of as-
set demand, which depends on the exchange
rate and public information. Defining E(as[|IP) =
o, ?, limit orders are

(14) (o + a)lP + ays,.

The aggregate order flow is Ax, = [§ Ax’ di.
Imposing market equilibrium [ b%, di = 0,
which is equivalent to the sum of aggregate
order flow and limit orders being zero, the equi-
librium exchange rate is

1 1
(15) 5= = (o + )l — A,

2

orders in the interdealer electronic auction market, but need
to place the limit orders before customer orders are known.
If we introduce an infinitesimal trading cost in the inter-
dealer market that is proportional to the volume of executed
trades, dealers will submit limit orders that are equal to the
expected customer orders based on public information. The
unexpected customer orders are associated with private in-
formation and are submitted as market orders to the inter-
dealer market. This formalization also connects well to the
existing data, which is for interdealer order flow.
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When demand shifts are due only to public
information arrival, the order flow term is zero
and executed limit orders will be zero as well. A
shift in demand can therefore bring about a
change in the exchange rate without any actual
trade. Only shifts in demand due to private
information lead to trade.

Since s,_, is part of I, it follows that there
are parameters m; and m, such that

(16) As, = n, I’ + nAx,.

Equation (16) is important. It breaks down
changes in exchange rates associated with pub-
lic information (the first term) and private in-
formation (the second term). The two terms are
orthogonal since order flow is defined to be
orthogonal to public information. This also im-
plies that a regression of the change in the
exchange rate on order flow will lead to an
unbiased estimate of 7, and an unbiased mea-
sure of the contribution of order flow to ex-
change rate volatility. There is no simultaneity
bias in such a regression. Causality runs from
quantity (order flow) to price (the exchange
rate), not the other way around. Order flow
decisions are made before the equilibrium ex-
change rate is known. This differs from the
implicit auctioneer interpretation, where quan-
tities and prices are set simultaneously by the
auctioneer. We want to emphasize though that
the equilibrium exchange rate is the same under
these two interpretations of price setting. The ex-
plicit auction market interpretation simply has the
advantage to connect more closely to existing
institutions and to evidence on the relationship
between order flow and exchange rate.

II. Model Implications: A Special Case

In this section we examine the special case
where T = 1, which has a relatively simple
solution. This example is used to illustrate how
information heterogeneity disconnects the ex-
change rate from observed macroeconomic fun-
damentals, while establishing a close relationship
between the exchange rate and order flow.

One aspect that simplifies the solution for
T = 1 is that higher-order expectations are the
same as first-order expectations. This can be seen
as follows. Bacchetta and van Wincoop (2004a)
show that higher-order expectations are equal to
first-order expectations plus average expectations
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of future market expectational errors. For example,
the second-order expectation of f; , , can be written
aSEX v = Efys + EAE, o1 fiva —fr+o). When
T = 1, investors do not expect the market to
make expectational errors in the next period. An
investor may believe at time ¢ that he has dif-
ferent private information about f,,, than
others. That information is no longer relevant
next period, however, since f, , ; is observed at
t+ 1.7

While not critical, we make the further sim-
plifying assumptions in this section that b, and f,
are iid., ie., p, = 0 and f, = &/ Replacing
higher-order with first-order expectations, equa-
tion (7) then becomes

1 a
) s,=1+a[ﬁ+1+aE,ﬁ+l

a
1+«

va’b,.

Only the average expectation of f,, , appears.
We have replaced o7 with since we will
focus on the stochastic steady state where sec-
ond-order moments are time-invariant.

A. Solving the Model with Heterogenous
Information

~When T = 1, investors receive private signals
¢, about f,, ;, as in (9). Therefore, the aver-
age expectation E,f,  , in (17) depends on the
average of private signals, which is equal to f, , ,
itself. This implies that the exchange rate s,
depends on f, |, so that the exchange rate be-
comes itself a source of information about f, , ;.
The exchange rate is not fully revealing, how-
ever, as it also depends on unobserved aggre-
gate hedge trades b,. To determine the information
signal about f, , , provided by the exchange rate,
we need to know the equilibrium exchange rate
equation. We conjecture that

1
(18) s,=mf,+/\ff,+] + Aub,.

Since an investor observes f,, the signal he
gets from the exchange rate can be written

27 See Bacchetta and van Wincoop (2004a) for a more
detailed discussion of this point.
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§t /\b
19) xf=fz+1 +xfbt,

where §, = 5, — (1/(1 + a))f, is the “adjusted”
exchange rate. The variance of the error of this
signal is ()\b/)\f)zoi. Consequently, investor i
infers Eif, , | from three sources of information:
(a) the distribution of f, , ;; (b) the signal ¥}; and
(c) the adjusted exchange rate (i.e., (19)). Since
errors in each of these signals have a normal
distribution, the projection theorem implies that
Ef,., is given by a weighted average of the
three signals, with the weights determined by
the precision of each signal. We have

v, + BUS /A,
20)  Eifui= %,
where B = 1/05, B* = 1/(\,JA) 03, B/ = 1/07,
and D = 1/var(f,,,) = B* + B’ + B°. For the
exchange rate signal, the precision is complex
and depends both on o} and ANy, the latter
being endogenous. By substituting (20) into
(17) and using the fact that [ ¢} di = f,, in
computing E,f, , ;, we get:

( ) St 1 ﬁ < (1 )2 D t+1
Uzb
Zl )4 s

where z = 1/(1 — (a/(1 + a)z)(B‘/)\fD)) > 1.
Equation (21) confirms the conjecture (18).
Equating the coefficients on f,, , and b, in (21)
to A, and A, respectively, yields implicit solu-
tions to these parameters.

We will call z the magnification factor: the
equilibrium coefficient of b, in (21) is the direct
effect of b, in (17) multiplied by z. This mag-
nification can be explained by rational confu-
sion. When the exchange rate changes, investors
do not know whether this is driven by hedge
trades or by information about future macroeco-
nomic fundamentals by other investors. There-
fore, they always revise their expectations of
fundamentals when the exchange rate changes
(equation (20)). This rational confusion magni-
fies the impact of the unobserved hedge trades
on the exchange rate. More specifically, from
(17) and (20), we can see that a change in b, has
two effects on s,. First, it affects s, directly in
(17) through the risk-premium channel. Second,
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Magnification

Factor

Function of o,

Function of o,

05 0.6 0.7 0.8 0.9
g._and g

FIGURE 1. MAGNIFICATION FACTOR IN MODEL WITH T = 1

Notes: This figure is based on the simulation of the model for 7 = 1, with both b, and f, i.i.d.
The qualitative results do not depend on other model parameters. We set o = 10, y = 50, and
all standard deviations of the shocks equal to 0.1, unless varied within the figure.

this direct effect is magnified by an increase in
E.f, ., from (20).
The magnification factor can be written as®

z=l-|-[i

B

The magnification factor, therefore, depends on
the precision of the exchange rate signal relative
to the precision of the private signal. The better
the quality of the exchange rate signal, the more
weight is given to the exchange rate in forming
expectations of f, , |, and therefore the larger the
magnification of the unobserved hedge trades.
Figure 1 shows the impact of two key param-
eters on magnification. A rise in the private
signal variance o at first raises magnification
and then lowers it. Two opposite forces are at
work. First, an increase in o2 reduces the pre-
cision BY of the private signal. Investors there-
fore give more weight to the exchange rate
signal, which enhances the magnification factor.
Second, a rise in o% implies less information
about next period’s fundamental and therefore a

(22)

*% Substitute A, = z(a/(1 + @)*)(BY/D) into z = 1/(1 —
(a/(1 + a)z)(B‘“//\,D)) and solve for z.

lower weight of f, , , in the exchange rate. This
reduces the precision 3° of the exchange rate
signal, which reduces the magnification factor.
For large enough o7 this second factor domi-
nates. The magnification factor is therefore larg-
est for intermediate values of the quality of
private signals. Figure 1 also shows that a
higher variance o7 of hedging shocks always
reduces magnification. It reduces the precision
B* of the exchange rate signal.

B. Disconnect from Observed Fundamentals

In order to precisely identify the channels
through which information heterogeneity dis-
connects the exchange rate from observed fun-
damentals, we now compare the model to a
benchmark with identically informed investors.
The benchmark we consider is the case where
investors receive the same signal on future f;’s,
i.e., they have incomplete but common knowl-
edge on future fundamentals. With common
knowledge, all investors receive the signal

(23) e/ ~ MO, 07,),

J— v
v, = fiir T &,

where ¢/ is independent of f, ;.
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e —

Defining the precision of this signal as 3

1/0',2” the conditional expectation of f, , | is
. _ B'{/,Cv[
@) Efe=Efi="

where d = 1/var(f.,,) = B + B’. Substitu-
tion into (17) yields the equilibrium exchange
rate:

(25) St = 1 + + A’(Ivf + )\an

where A, = (a/(1 + @)?)B*“/d, and A§ = —(a/
(1 + a))yof. Here, 0'(2 is the conditional vari-
ance of next period’s exchange rate in the
common knowledge model. In this case the
exchange rate is fully revealing, since by observ-
ing s, investors can perfectly deduce b,. Thus, Aj, is
equal to the direct risk-premium effect of b, given
in (17).

We can now compare the connection between
the exchange rate and observed fundamentals in
the two models. In the heterogeneous informa-
tion model, the observed fundamental is f,,
while in the common knowledge model it also
includes v, We compare the R* of a regression
of the exchange rate on observed fundamentals
in the two models. From (18), the R* in the
heterogeneous information model is defined by

1 2
R (1+a?%

(26) 2= 2 .
- R 2202 2( « ) 20t o
f f 1 + « y b

1
From (25) the R? in the common knowledge
model is defined by

R? 1+ )Z(Tf-f-)\((rf-‘r-oz
(27) 1_R2_ a 2242
I+a) Yoo

If the conditional variance of the exchange rate
is the same in both models, the R? is clearly
lower in the heterogeneous information model.
Two factors contribute to this. First, the contri-
bution of unobserved fundamentals to exchange
rate volatility is amplified, as measured by the
magnification factor z in the denominator of
(26). Second, the average signal in the hetero-
geneous information model, which is equal to
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the future fundamental, is unobserved and
therefore contributes to reducing the R”. It also
appears in the denominator of (26). In contrast,
the signal about future fundamentals is observed
in the common knowledge model, and therefore
contributes to raising the R%. The variance of this
signal, aﬁ + afu, appears in the numerator of (27).
The conditional variance of the exchange rate also
contributes to the R”. It can be higher in either
model, dependent on assumptions about parame-
ter values and quality of the public and private
signals.?

C. Order Flow

It is straightforward to implement for this
special case the general definition of order flow
and limit orders discussed in Section I. Using
(4), (18), and (20), we can write demand for
foreign bonds as

: 1+« 1
(28) Fi= ayoz mfr =8
B'U
(1 + a)yo’D ' o4~ bl

Limit orders are captured by the first term,
while order flow is captured by the sum of the
last two terms. Note that the variables v, and b;
in the private information set are unpredictable
by public information at the time market orders
are placed.*®

Aggregate order flow is then

Bv

(29) Ax, = mﬁﬂ —b,.

29 While we focus here on the exchange rate determina-
tion puzzle, which is about the disconnect between ex-
change rates and observed fundamentals, it is easy to show
that in the heterogeneous information model the exchange
rate is more disconnected from fundamentals “f* generally
(both observed and future fundamentals) than in the com-
mon knowledge model. In that case the term )\,q% moves
from the denominator to the numerator of (26). When the
conditional variance of next period’s exchange rate is the
same in both models, the R? remains lower in the hetero-
geneous information model due to the amplification of
unobserved hedge trades.

3%In terms of the notation introduced in Section I,
EU)P) = 0.
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Taking the aggregate of (28), imposing market
equilibrium, we get

(30) s,

o
=1+af’+zl+ay0-2Ax"
Equation (30) shows that the exchange rate is
related in a simple way to a commonly observed
fundamental and order flow. The order flow
term captures the extent to which the exchange
rate changes due to the aggregation of private
information. The impact of order flow is larger
the bigger the magnification factor z. A higher
level of z implies that the order flow is more
informative about the future fundamental.

It is easily verified that in the common
knowledge model

1
(31) S, = mf, + )\,,'U, + 'yUzAx,.

1+«

In that case order flow is driven only by hedge
trades.’' Since these trades have no information
content about future fundamentals, the impact
of order flow on the exchange rate is smaller
(not multiplied by the magnification factor z). A
comparison between (30) and (31) clearly
shows that the exchange rate is more closely
connected to order flow in the heterogeneous
information model and more closely connected
to public information in the common knowl-
edge model.

III. Model Implications: Dynamics

In this section, we examine the more complex
dynamic properties of the model when T > 1.
There are two important implications. First, it
creates endogenous persistence of the impact of
nonobservable shocks on the exchange rate.
Second, higher-order expectations differ from
first-order expectations when 7 > 1. Even for
T = 2 expectations of infinite order affect the
exchange rate. We show that higher-order ex-
pectations tend to increase the magnification
effect, but have an ambiguous impact on the
disconnect. We now examine these two aspects
in turn.

3! Note that aggregate hedge trade b, is not in the public
information set at the time orders are submitted. It is re-
vealed only after the price is known.
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A. Persistence

When T > 1, even transitory nonobservable
shocks have a persistent effect on the exchange
rate. This is due to the learning of investors who
gradually realize that the change in the ex-
change is not caused by a shock to future fun-
damentals.>”> The exchange rate at time f
depends on future fundamentals f; |, f; 5, ...
f,+ 7 and therefore provides information about
each of these future fundamentals. A transitory
unobservable shock to b, affects the exchange
rate at time ¢ and therefore affects the expecta-
tions of all future fundamentals up to time ¢ +
T. This rational confusion will last for 7 periods,
until the final one of these fundamentals, f, . , is
observed. Until that time, investors will con-
tinue to give weight to s, in forming their ex-
pectations of future fundamentals, so that b,
continues to affect the exchange rate.** As in-
vestors gradually learn more about f,. ,
fit2s s fi+1» both by observing them and
through new private signals and exchange rate
signals, the impact on the exchange rate of the
shock to b, gradually dissipates.

The persistence of the impact of b-shocks on
the exchange rate is also affected by the persis-
tence of the shock itself. When the b-shock
itself becomes more persistent, it is more diffi-
cult for investors to learn about fundamentals up
to time ¢ + T from exchange rates subsequent to
time . The rational confusion is therefore more
persistent, and so is the impact of b-shocks on
the exchange rate.

B. Higher-Order Expectations

The topic of higher-order expectations is a
difficult one, but it has potentially important
implications for asset pricing. Since a detailed
analysis falls outside the scope of this paper, we

32 Persistence can also arise in models with incomplete
but common knowledge, such as Michael Mussa (1976).
When agents do not know whether an increase in an ob-
served fundamental is transitory or persistent, a transitory
shock will have a larger and more persistent effect because
of gradual learning.

33 This result is related to findings by David P. Brown
and Robert H. Jennings (1989) and Bruce D. Grundy and
Maureen McNichols (1989), who show in the context of
two-period noisy rational expectations models that the asset
price in the second period is affected by the asset price in
the first period.
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limit ourselves to a brief discussion regarding
the impact of higher-order expectations on the
connection between the exchange rate and ob-
served fundamentals. We apply the results of
Bacchetta and van Wincoop (2004a), where we
provide a general analysis of the impact of
higher-order expectations on asset prices.>* We
still assume that p, = 0.

Let s, denote the exchange rate that would
prevail if the higher-order expectations in (7)
are replaced by first-order expectations.” In
Bacchetta and van Wincoop (2004a), we show
that the present value of the difference between
higher- and first-order expectations depends on
average first-order expectational errors about
average private signals. In Appendix C we show
that in our context this leads to

T

~ 1 _
B2 si=5+ 7o 2 mEfiek—fid):

k=2

The parameters , are defined in the Appendix
and are positive in all numerical applications.
Higher-order expectations therefore introduce a
new asset price component, which depends on
average first-order expectational errors about
future fundamentals. ~
Moreover, the expectational errors Ef,, ;, —
f,+ depend on errors in public signals, i.e.,
observed fundamentals and exchange rates;
based on private information alone, these aver-
age expectational errors would be zero. There
are two types of errors in public signals. First,
there are errors in the exchange rate signals that
are caused by the unobserved hedge trades at
time ¢ and earlier. This implies that unobserved
hedge trades receive a larger weight in the equi-
librium exchange rate. The other type of errors
in public signals are errors in the signals based
on the process of f,. These errors depend nega-
tively on future innovations in the fundamental,
which implies that the exchange rate depends
less on unobserved future fundamentals. To
summarize, hedge shocks are further magnified
by the presence of higher-order expectations,
while the overall impact on the connection be-

3+ Allen et al. (forthcoming) provide an insightful anal-
ysis of higher-order expectations with an asset price, but
they do not consider an infinite horizon model.

3 Thatis, 5, = (1/(1 + @) 27 (@/(1 + VE(f,,, —
YO by p)-
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TABLE 1—BENCHMARK PARAMETERIZATION

Parameter Value
oy 0.01
ay, 0.01
o, 0.08
[ 0.8
@ 10
Y 500
T 8

tween the exchange rate and observed funda-
mentals is ambiguous.>¢

IV. Model Implications: Numerical Analysis

We now solve the model numerically to il-
lustrate the various implications of the model
discussed above. We first consider a benchmark
parameterization and then discuss the sensi-
tivity of the results to changing some key
parameters.

A. A Benchmark Parameterization

The parameters of the benchmark case are
reported in Table 1. We assume that the observ-
able fundamental f follows a random walk,
whose innovations have a standard deviation of
oy = 0.01. We assume a high standard deviation
of the private signal error of o, = 0.08. The
unobservable fundamental b follows an AR pro-
cess with autoregressive coefficient of p, = 0.8
and a standard deviation o, = 0.01 of innova-
tions. Although we have made assumptions
about both o, and risk-aversion vy, they enter
multiplicatively in the model, so only their
product matters. Finally, we assume T = 8§, so
that agents obtain private signals about funda-
mentals eight periods before they are realized.

Figure 2 shows some of the key results from
the benchmark parameterization. Panels A and
B show the dynamic impact on the exchange
rate in response to one-standard-deviation
shocks in the private and common-knowledge
models. In the heterogeneous-agent model,
there are two shocks: a shock &/, (f-shock),

36 In Bacchetta and van Wincoop (2004a), we show that
the main impact of higher-order expectations is to discon-
nect the price from the present value of future observable
fundamentals.
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FaneT A~ Impulse Response Functions in Heterogeneous-Information Model
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FIGURE 2. RESULTS FOR THE BENCHMARK PARAMETERIZATION

Note: See Table 1 for parameter assumptions.

which first affects the exchange rate at time f,
and a shock &’ (b-shock). In the common-
knowledge model there are also shocks e,
which affect the exchange rate through the com-
monly observable fundamental v,. In order to
facilitate comparison, we set the precision of the
public signal such that the conditional variance
of next period’s exchange rate is the same as in
the heterogeneous-information model. This im-
plies that the unobservable hedge trades have
the same risk-premium effect in the two models.

We will show below that our key results do not
depend on the assumed precision of the public
signal.

Magnification.—The magnification factor in
the benchmark parameterization turns out to be
substantial: 7.2. This is visualized in Figure 2 by
comparing the instantaneous response of the
exchange rate to the b-shocks in the two models
in panels A and B. The only reason the impact
of a b-shock is so much bigger in the heteroge-
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neous information model is the magnification
factor associated with information dispersion.

Persistence—We can see from panel A that
after the initial shock the impact of the b-shocks
dies down almost as a linear function of time.
The half-life of the impact of the shock is three
periods. After eight periods the rational confusion
is resolved and the impact is the same as in the
public information model, which is close to zero.

The meaning of a three-period half-life de-
pends of course on what we mean by a period in
the model. What is critical is not the length of a
period, but the length of time it takes for uncer-
tainty about future macro variables to be re-
solved. For example, assume that this length of
time is eight months. If a period in our model is
a month, then 7 = 8. If a period is three days,
then 7 = 80. We find that the half-life of the
impact of the unobservable hedge shocks on the
exchange rate that can be generated by the model
remains virtually unchanged as we change the
length of a period. For T' = 8§, the half-life is about
three, while for 7 = 80 it is about 30.*” In both
cases the half-life is three months. Persistence is
therefore driven critically by the length of time it
takes for uncertainty to resolve itself. Deviations
of the exchange rate from observed fundamentals
can therefore be very long-lasting when it takes a
long time before expectations about future funda-
mentals can be validated, such as expectations
about the long-term technology growth rate of the
economy.

Exchange Rate Disconnect in the Short and
the Long Run.—Panel C reports the contribu-
tion of unobserved hedge trades to the variance
of s,,, — s, at different horizons. In the heter-
ogeneous information model, 70 percent of the
variance of a one-period change in the exchange
rate is driven by the unobservable hedge trades,
while in the common-knowledge model it is a

37 When we change the length of a period, we also need
to change other model parameters, such as the standard
deviations of the shocks. In doing so we restrict parameters
such that (a) the contribution of b-shocks to var(s, ., — s,)
is the same as in the benchmark parameterization, and (b)
the impact of b-shocks on exchange rate volatility remains
largely driven by information dispersion (large magnifica-
tion factor). For example, when we change the benchmark
parameterization such that 7= 80, o, = 0.26, o= 0.0016,
and a = 44, the half-life is 28 periods. The magnification
factor is 48.
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negligible 1.3 percent (such a small effect is
typical of standard portfolio-balance models).
While in the short run unobservable fundamen-
tals dominate exchange rate volatility, in the
long run observable fundamentals dominate.
For example, the contribution of hedge trades to
the variance of exchange rate changes over a
ten-period interval is less than 20 percent. As
seen in panel A, the impact of hedge trades on
the exchange rate gradually dies down as ratio-
nal confusion dissipates over time.

In order to determine the relationship be-
tween exchange rates and observed fundamen-
tals, panel D reports the R® of a regression of
S;+x — S, on all current and lagged observed
fundamentals. In the heterogeneous-information
model, this includes all one-period changes in
the fundamental f that are known at time ¢ + k:
fivs — fixs—y, for s = k. In the common-
knowledge model, it also includes the corre-
sponding one-period changes in the public
signal v. The R” is close to one for all horizons
in the common-knowledge model, while it is
much lower in the heterogeneous-information
model. At the one-period horizon it is only 0.14;
it then rises as the horizon increases to 0.8 for a
20-period horizon. This is consistent with ex-
tensive findings that macroeconomic fundamen-
tals have weak explanatory power for exchange
rates in the short to medium run, starting with
Meese and Rogoff (1983), and findings of a
closer relationship over longer horizons.*®

Two factors account for the results in panel
D. The first is that the relative contribution of
unobservable hedge shocks to exchange rate
volatility is large in the short run and small in
the long run, as illustrated in panel C. The
second factor is that, through private signals, the
exchange rate at time ¢ is also affected by inno-
vations €, ..., &, , in future fundamentals
that are not yet observed today. In the long run
these become observable, again contributing to
a closer relationship between the exchange rate
and observed fundamentals in the long run.

Exchange Rate and Future Fundamentals.—
Recently Engel and Kenneth D. West (2005)
and Froot and Ramadorai (2005) have reported

38 See MacDonald and Mark P. Taylor (1993), Menzie
D. Chinn and Meese (1995), Mark (1995), Mark and Dong-
gyu Sul (2001), Froot and Ramadorai (2005), and Gourin-
chas and Hélene Rey (2005).
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evidence that exchange rate changes predict fu-
ture fundamentals, but only weakly so. Our
model is consistent with these findings. Panel E
of Figure 2 reports the R of a regression f,, , —
f.,ons,,, — s, for k= 2. The R”is positive,
but is never above 0.14. The exchange rate is
affected by the private signals of future funda-
mentals, which aggregate to the future funda-
mentals. Most of the short-run volatility of
exchange rates, however, is associated with un-
observable hedge trades, which do not predict
future fundamentals.

Exchange Rate and Order Flow.—Order flow
is computed as discussed in Section IE. Appen-
dix D discusses further details for the case
where the fundamental f'is a random walk. With
x, defined as cumulative order flow, panel F
reports the R” of a regression of s,,, — s, on
X,.i — x. The R? is large. At a one-period
horizon it is 0.84, so that 84 percent of the
variance of one-period exchange rate changes
can be accounted for by order flow as opposed
to public information. The relationship between
cumulative order flow and exchange rates gets
even stronger as the horizon k increases, with
the R rising to 0.97 for k = 40. As k approaches
infinity, the R* approaches a level near 0.99, so
that there is a very close long-run relationship
between cumulative order flow and exchange
rates.*

It is important to point out that the close re-
lationship between the exchange rate and order
flow in the long run is not inconsistent with the
close relationship between the exchange rate
and observed fundamentals in the long run.
When the exchange rate rises due to private
information about permanently higher future
fundamentals, the information reaches the mar-
ket through order flow. Eventually the future

39 The relationship between s, , — s, and x,, , — x, does
not always get stronger for longer horizons. For low values
of T, the R? declines with k and then converges asymptot-
ically to a positive level. Appendix D shows that cumulative
order flow and exchange rates are not cointegrated, which
explains why the R? never approaches one as k approaches
infinity. The Appendix shows that there is a cointegrating
relationship between s,, x,, and b, = 37_ &”_,_ . Shocks to
the fundamental f have a permanent affect on both the
exchange rate and cumulative order flow. Hedge trade in-
novations affect cumulative order flow permanently, but
their effect on the exchange rate dies out when hedge trade
shocks are temporary (p, < 1).
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fundamentals will be observed, so that there is a
link between the exchange rate and the observed
fundamentals. But most of the information
about higher future fundamentals is aggregated
into the price through order flow. Order flow
associated with information about future funda-
mentals has a permanent effect on the exchange
rate.

Our results can be compared to similar re-
gressions that have been conducted based on the
data. Evans and Lyons (2002b) estimate regres-
sions of one-day exchange rate changes on daily
order flow. They find an R* of 0.63 and 0.40 for,
respectively, the DM-$ and the yen-$ exchange
rate, based on four months of daily data in 1996.
Evans and Lyons (2002a) report results for nine
currencies. They point out that exchange rate
changes for any currency pair can also be af-
fected by order flow for other currency pairs.
Regressing exchange rate changes on order flow
for all currency pairs, they find an average R of
0.67 for their nine currencies.

The pictures for the exchange rate and cumu-
lative order flow reported in Evans and Lyons
(2002b) for the DM-$ and yen-$ exchange rate
suggest that the link is even stronger over ho-
rizons longer than one day, although their data-
set is too short for formal regression analysis.
These pictures look very similar to their theo-
retical counterparts, which are reported in Fig-
ure 3 for four simulations of the model over 40
periods.*® The simulations confirm a close link
between the exchange rate and cumulative order
flow at both short and long horizons.

While not reported in panel F, the R* of
regressions of exchange rate changes on order
flow in the public-information model is close to
zero. Two factors contribute to the much closer
link between order flow and exchange rates in
the heterogeneous-information model. First, in
the heterogeneous-information model both pri-
vate information about future fundamentals and
hedge trades contribute to order flow, while in
the public-information model only hedge trades
contribute to order flow. Second, the impact on
the exchange rate of the order flow due to hedge
trades is much larger in the heterogeneous in-
formation model. The reason is that order flow
is informative about future fundamentals in the

40 Both the log of the exchange rate and cumulative order
flow are set at zero at the start of the simulation.
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FIGURE 3. FOUR MODEL SIMULATIONS EXCHANGE RATE AND CUMULATIVE ORDER FLOW

heterogeneous-information model. As illus-
trated in Section IIC, the magnification factor z
applied to the impact of b-shocks on the ex-
change rate also applies to the impact of order
flow on the exchange rate.

B. Sensitivity to Model Parameters

In this subsection, we consider the parameter
sensitivity of two key moments: the R*> of a
regression of s,, ; — s, on observed fundamen-
tals at # + 1 and earlier, and the R” of a regres-
sion of s, , — s, on order flow x,, ;, — x,. These
are the moments reported for k = 1 in panels D
and F of Figure 2.

A first issue is that the precision of the public
signal in the common knowledge model does
not play an important role in the comparison
with the heterogeneous-information model. In
particular, it has little influence on the stark
difference between the two models regarding
the connection between the exchange rate and
observed fundamentals. Consider the R* of a
regression of a one-period change in the ex-
change rate on all current and past observed
fundamentals, as reported in Figure 2D. In the

heterogeneous-information model it is 0.14,
while in the public-information model it varies
from 0.97 to 0.99 as we change the variance of the
noise in the public signal from infinity to zero.*’

We now consider sensitivity analysis to four
key model parameters in the heterogeneous-
information model: o,, 0, p,, and T. The re-
sults are reported in Figure 4. Not surprisingly,
the two R*’s are almost inversely related as we
vary parameters. The larger the impact of order
flow as a channel through which information is
transmitted to the market, the smaller is the
explanatory power of commonly observed
macro fundamentals.**

*!'In Figure 2, we have assumed that the precision of the
public signal is such that the conditional variance of the
exchange rate is the same in the two models. This implies a
standard deviation of the error in the public signal of 0.033.

“2 The two lines do not add to one. The reason is that
some variables that are common knowledge are not in-
cluded in the regression on observed fundamentals. These
are past exchange rates and hedge demand T periods ago.
Past exchange rates are not included since they are not
traditional fundamentals. Hedge demand 7 periods ago can
be indirectly derived from exchange rates 7 periods ago and
earlier, but is not a directly observable fundamental.
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power of order flow and observed fundamentals changes when respectively o

other parameters as in the benchmark parameterization.

An increase in o, implying less precise
private information, reduces the link between
the exchange rate and order flow and in-
creases the link between the exchange rate
and observed fundamentals. In the limit, as
the noise in private signals approaches infin-
ity, the heterogeneous-information model ap-
proaches the public-information model (with
uninformative signals).

Somewhat surprisingly, an increase in the
noise originating from hedge trades, by either
raising the standard deviation o, or the persis-
tence p,, tends to strengthen the link between
the exchange rate and observed fundamentals
and reduce the link between the exchange rate
and order flow. The effect is relatively small,
however, due to offsetting factors. Order flow
becomes less informative about future funda-
mentals with more noisy hedge trades. This
reduces the impact of order flow on the ex-
change rate. On the other hand, the volatility of

o, T, and p,, are varied, holding constant the

v

order flow increases, which contributes posi-
tively to the R for order flow. The former effect
slightly dominates.

It is also worthwhile pointing out that the
assumed stationarity of hedge trades in the
benchmark parameterization is not responsible
for the much weaker relationship between the
exchange rate and observed fundamentals in the
short run than the long run. Even if we assume
p, = 1, so that unobserved aggregate hedge
trades follow a random walk as well, this find-
ing remains largely unaltered. The R* for ob-
served fundamentals rises from 0.21 for a one-
period horizon to 0.85 for a 40-period horizon.

The final panel of Figure 4 shows the impact
of changing 7. Initially, an increase in T leads to
a closer link between order flow and the ex-
change rate and a weaker link between observed
fundamentals and the exchange rate. The reason
is that as T increases, the quality of private
information improves because agents have sig-


http://www.extenza-eps.com/action/showImage?doi=10.1257/aer.96.3.552&iName=master.img-003.jpg&w=402&h=279

570 THE AMERICAN ECONOMIC REVIEW

nals about fundamentals further into the future.
This implies that the impact of order flow on the
exchange rate increases. Moreover, order flow
itself also becomes more volatile as more pri-
vate information is aggregated. Beyond a cer-
tain level of 7, however, the link between the
exchange rate and order flow is weakened when
T is raised further. The reason is that the im-
proved quality of information reduces the con-
ditional variance o” of next period’s exchange
rate. This reduces the effect of order flow on the
exchange rate, as can be seen from (30).

V. Conclusion

The close relationship between order flow
and exchange rates, as well as the large volume
of trade in the foreign exchange market, suggest
that investor heterogeneity is key to understand-
ing exchange rate dynamics. In this paper we have
explored the implications of information disper-
sion in a simple model of exchange rate determi-
nation. We have shown that these implications are
rich and that investors’ heterogeneity can be an
important element in explaining the behavior of
exchange rates. In particular, the model can ac-
count for some important stylized facts on the
relationship between exchange rates, fundamen-
tals, and order flow: (a) fundamentals have little
explanatory power for short- to medium-run ex-
change rate movements, (b) over long horizons
the exchange rate is closely related to observed
fundamentals, (c) exchange rate changes are a
weak predictor of future fundamentals, and (d) the
exchange rate is closely related to order flow.

The paper should be considered only as a first
step in a promising line of research. While we
have mostly focused on the implications of the
model for the relationship between exchange
rates, fundamentals, and order flow, future work
along this line should also consider the impli-
cations for other outstanding exchange rate puz-
zles such as the forward discount puzzle and
excess volatility puzzle.** More broadly speak-
ing, a natural next step is to link the theory to

43 See Bacchetta and van Wincoop (2003) for some
discussion of the excess volatility puzzle in the context of
this model. The current model yields a forward discount
bias of the correct sign, but the magnitude falls short of what
is found in empirical evidence. See Bacchetta and van
Wincoop (2005) for an explanation of the bias based on a
different type of information heterogeneity.
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the data. While the extent of information dis-
persion and unobservable hedge trades is not
known, both affect order flow. Some limited
data on order flow are now available and will
help tie down the key model parameters. The
magnification factor may be quite large. Back-of-
the-envelope calculations by Gennotte and Leland
(1990) in the context of a static model for the U.S.
stock market crash of October 1987 suggest that
the impact of a $6 billion unobserved supply
shock was magnified by a factor of 250 due to
rational confusion about the source of the stock
price decline. In the context of foreign exchange
markets, Carol L. Osler (2005) presents evidence
that trades that are uninformative about future
fundamentals have a large impact on the price.

There are several directions in which the
model can be extended. The first is to explicitly
model nominal rigidities as in the “new open
economy macro” literature. In that literature,
exchange rates are entirely driven by commonly
observed macro fundamentals. Conclusions that
have been drawn about optimal monetary and
exchange rate policies are likely to be substan-
tially revised when introducing investor het-
erogeneity. Another direction is to consider
alternative information structures. For example,
the information received by agents may differ in
its quality or in its timing. There can also be
heterogeneity about the knowledge of the un-
derlying model. For example, in Bacchetta and
van Wincoop (2004b), we show that if investors
receive private signals about the persistence of
shocks, the impact of observed variables on the
exchange rate varies over time. The rapidly
growing body of empirical work on order flow
in the foreign exchange microstructure litera-
ture is likely to increase our understanding of
the nature of the information structure, provid-
ing guidance to future modeling.

APPENDIX
A. Derivation of Equation (7)

It follows from (1), (2), (3), and (6) that

— _ 2
(Al) st 1 + a\ft 1 + o ’yo-tbt
« rl
+ 1+ aEt(st+l)'
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Therefore

(A2) Etl(st+1):1+

1+ a 'Yo'z+1E (bys1) + E 1(5142).
Substitution into (A1) yields
(A3)
1
St:1+af yatb+ E(.ft+1
2 « 2_2
- 'Y(T,+1b,+1) + 1+ « Et(st+2)-

Continuing to solve for s, this way by forward
induction and assuming a no-bubble solution
yields (7).

B. Solution Method with Two-Period
Overlapping Investors

The solution method is related to Townsend
(1983, sect. VIII). We start with the conjectured
equation (11) for s, and check whether it is
consistent with the model, in particular with
equation (6). For this, we need to estimate the
conditional moments of s,, ; and express them
as a function of the model’s innovations. Finally,
we equate the parameters from the resulting equa-
tion to the initially conjectured equation.

1. The Exchange Rate Equation.—From
(1)-(3), and the definition of f,, it is easy to see
that i¥ — i, = (f, — s,)/a. Thus, (6) gives (for a
constant o7)

(BI)

f, a i
l+a 1+«

(64 _
mEz(SHl) +

s, =
We want to express (B1) in terms of current and
past innovations. First, we have f, = D(L)sg.
Second, using (5) we can write b, = C(L)e;,
where C(L) = 1 + p,L + pr + . What re-
mains to be computed are E(s,, ;) and a'2

Applying (11) to s, ;, writing A(L) = a, +
a,L + asL* + - and B(L) = b, + b,L + b;L*
+ -+, we have
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B2) s, = a185+r+1 + blstrl + 0'¢,

+ A*(L)e! + B*(L)e"_,,

_ (o f 3 b b
where & = (/.4 ... el &b, ..., el 1, ) rep-
resents the vector of unobservable innovations,
0 = (ay as, ..., ar,y, bz, s bryy), and

A*(L) = ay,., + ar,;L + - (with a similar
deﬁnltlon for B*(L)). Thus, we have (since ef
and 8 " are known for j = f)

(B3)  Efs;+1) = 0'E(§)
+ A*(L)e] + B*(L)e/ 1

and

(B4) o’ =var,(s,+,) = ajo}

biot + 0'var,(§)0.

We need to estimate the conditional expecta-
tion and variance of the unobservable &, as a
function of past innovations.

B.2. Conditional Moments.—We follow the
strategy of Townsend (1983, p. 556), but use the
notation of James D. Hamilton (1994, chap. 13).
First, to focus on the informational content of
observable variables, we subtract the known
components from the observables s, and ¢ and
define these new variables as s¥and v’x Let the
Vector of these observables be Y’ = (s%
 SE s Uy, U ). This vector
provides information on the vector of unobserv-
ables &,. From (B2) and (9), we can write

s

(BS) Y =HE +w,
where wﬁ =(0,..,0, sfi, s s}fﬂl)' and
-al a - ar by by - by ]
0 a - a—y 0 by - by
H = 0 0 a 0 0 b,
T ld, d, dr 0 0 0
0 d, dr—y 0 0 0
L0 0 0 4 0 0 - 0 ]

The unconditional means of &, and w; are zero.
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Define their unconditional variances as P and R.
Then we have (applying equations (17) and (18)
in Townsend)

(B6) E(&) = MY,
where
(B7) M = PH[H'PH + R]".

Moreover, P = var(§,) is given by
(B8) P=P- MH'P.

B.3. Solution.—First, o> can easily be de-
rived from (B4) and (B8). Second, substituting
(B6) and (BS5) into (B3), and averaging over
investors, gives the average expectation in
terms of innovations

(B9) E(s,41) = 0'MH'E,

+ A*(L)e/ + B*(L)&]_ .

We can then substitute E (s, , ;) and o~ into (B1)
so that we have an expression for s, that has the
same form as (11). We then need to solve a
fixed-point problem.

Although A(L) and B(L) are infinite lag op-
erators, we need only solve a finitely dimen-
sional fixed-point problem in the set of
parameters (a;, a,, ..., ap, by, ..., by ). This
can be seen as follows. First, it is easily verified
by equating the parameters of the conjectured
and equilibrium exchange rate equation for lags
T and greater that b, .., = ((1 + &)/a)by, , +
yolp, ' and ari o = (1 + /@ar,, —
(1/0)d, for s = 1. Assuming nonexplosive co-
efficients, the solutions to these difference equa-
tions give us the coefficients for lags 7 + 1 and
greater: by, , = —ayopp/(l + a — ap,),
broy = (p)' by fors =2, ar,, = (l/a)
2, (/1 + a)'d,, and ar ., = (1 +
a)la)ar, , — (1/a)d, for s = 1. When the fun-
damental follows a random walk, d, = 1 Vs, so
that a;, , = 1 Vs = 1.

The fixed-point problem in the parameters
(ay, ayy ... ,ap, by, ..., by ) consists of 2T + 1
equations. One of them is the b,,, =
—ayd’pl/(1 + a — ap,). The other 2T equa-
tions equate the parameters of the conjectured
and equilibrium exchange rate equations up to
lag T — 1. The conjectured parameters (a,,
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sy ...y Ap, by, ..., by ), together with the so-
lution for a;, , above, allow us to compute 0,
H, M and ¢°, and therefore the parameters of
the equilibrium exchange rate equation. We use
the Gauss NLSYS routine to solve the 27 + 1
nonlinear equations.

After having found the solution, we can also
verify that the polynomial B(L) is invertible,
which is necessary to extract information about
hedge trade innovations at ¢+ — T and earlier
from exchange rates at + — T and earlier. Using
that by, , = (p,)*~ 'by,, for s = 2, we have

T )
(B10) B(L)= > bL'" '+ b, L" X pL

i=1 i=0

T
i bT+1LT
— . i—1
> biL =L

i=1

B(L) is invertible when the roots of the polyno-
mial are outside the unit circle. Setting B(L) =
0, multiplying by 1 — p,L, yields

T

BI11) b+ 2 (bivy — pyb)L = 0.

i=1

This amounts to solving the roots of an ordinary
T-order polynomial, which is done with the
routine polyroot in Gauss. The roots are indeed
outside the unit circle for all parameterizations
considered in the paper. For the benchmark
parameterization, the roots are (rounding to the
second digit after the decimal point): (—1.43,
—1.03 + 0.98i, —1.03 — 0.98i, —0.07 + 1.39i,
—0.07 — 1.394, 0.89 + 0.98;, 0.89 — 0.98i,
1.28).

C. Higher-Order Expectations

We show how (32) follows from Proposition
1 in Bacchetta and van Wincoop (2004a). Bac-
chetta and van Wincoop (2004a) define the
higher-order wedge A, as the present value of
deviations between higher-order and first-order
expectations. In our application (assuming p, = 0):

%

Ch A=2 (1 : a) [Efivi = Efiv ],

s=2
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Define PV, = 27, (a/(1 + ))’f,,, as the
present discounted value of future observed fun-
damentals. Let V! be the set of private signals
available at time ¢ that are still informative
about PV, att + 1. In our application V; =
(Ui—742 - » U)'. Let V, denote the average
across investors of the vector V). Proposition 1
of Bacchetta and van Wincoop (2004a) then
says that
(C2) = Hi(Eth - Vt)7
where II, = (/R wv)'e, 00 =
GE,HPVHI/GV and W' = 9E', |V, ,/oV..

In our context V, = (f, 5, ... , f, 7). For p, =
0 equations (7), (Cl), and (C2) then lead to (32)
with II/(1 + a) = (my, ..., 7).

D. Order Flow

In this section we describe our measure of
order flow when the observable fundamental
follows a random walk. Using the notation and
results from Appendix B, we have

(DD

b O'MY:+f—nb,_r—s,+if—i "
Fr — ,YO,ZZ »
where n = ayo’p, (1 + a — apb). Let p =
(Mys - » )" be the last T elements of M'O,
divided by yo?. The component of demand that

depends on private information is therefore

(D2) PR

s=1

Using that oy = &yttt
'Ul

&4 1—, (D2) aggregates to

(D3) 1] gl ph t—T>
where ' = (1, ..., Mop) With m, = w, + - +
w,and n,,, = —p ' fors = 1, .., T. Order

flow x, — x,_, is defined as the component of
(D3) that is orthogonal to public information
(other than s,). Public information that helps
predict this term includes b,_; and s*_,, ...,
s¥_r.1. Order flow is then the error term of a
regression of '§, on s*_ |, ..., s*_,, . Defining
H, as rows 2 to T of the matrix H defined in
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Appendix B.2, it follows from Appendix B.2

that E(E|sF_,, ... { r+1) = MJHIE, where
M, = PH[H ’PH ] VIt follows that
(D4) X = X1 = W’I'(I - MrHi)gt

We can also show that there is a cointegrating
relationship between the exchange rate, cumu-
lative order flow, and b, = 7, & ;.. When
f follows a random walk, the equilibrium ex-
change rate can be written as (see Appendix
B.3)

(D5) s, =fi— d)brfT_l_ T,gt‘

Order flow is equal to
-1 =Vv'E,

where v’ = /(I — M H)). It therefore follows
that cumulative order flow is equal to

(D6) X, — X

D7) + 4 vp)f,

x =y
+ (VT+| + ot Vzr)l;z + ll‘,gr,

where s depends on the parameters in the vec-
tor v. It follows from (D5) and (D7) that there is
a cointegrating relationship between s,, x,, and
b,. Note that the latter follows a random walk
since b, — b,_, = &’ ,. This cointegrating
relationship holds both for p, < 1 and p, = 1.

In the latter case b, _, = b,.
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