
Appendix

Proof of Proposition 3.2

Proposition 3.2 follows from the two following Lemmas.

Lemma 8.1 There exists K1 > 0 such that

V (x2, c)− V (x1, c) ≤ K1 (x2 − x1)

for all 0 ≤ x1 ≤ x2 and c ≤ min {c, p} .
Proof. Take ε > 0 and C ∈ Πx2,c,c such that

J(x2;C) ≥ V (x2, c)− ε. (36)

Then the associated control process is given by

XC
t = x2 +

∫ t

0

(p− Cs)ds−
Nt∑
i=1

Ui.

Let τ be the ruin time of the process XC
t . Assume first that c ≤ p and define C̃ ∈ Πx1,c,c as C̃t = Ct,

where

XC̃
t = x1 +

∫ t

0

(p− Cs)ds−
Nt∑
i=1

Ui.

For the ruin time τ̃ ≤ τ of the process XC̃
t , it holds XC

t −XC̃
t = x2 − x1 for t ≤ τ̃ . Since c ≤ p, ruin

can occur only at the arrival of a claim. Hence, using (36) we have

V (x2, c)− V (x1, c) ≤ J(x2;C)− J(x1; C̃) + ε
= E[

∫ τ

τ̃
Cse

−qsds] + ε

≤ E[
∑∞

j=1 I{τ̃=τj and τ>τj}
(∫ τ

τj
Cse

−qsds
)
] + ε

≤ c
q
E[

∑∞
j=1 e

−qτj I{τ̃=τj and τ>τj}] + ε.

(37)

With the definitions

Uj−1 :=

j−1∑
i=1

Ui and AC
t :=

∫ t

0

(p− Cs)ds, (38)

we have
{τ̃ = τj and τ > τj} =

{
x2 +AC

τj − Uj−1 ≥ Uj > x1 +AC
τj − Uj−1

}
,

and by the i.i.d. assumptions τj , Uj and Uj−1 are mutually independent. This implies

E[
∑∞

j=1 e
−qτj I{τ̃=τj ,τ>τj}]

≤ K(x2 − x1)β
∑∞

j=1

[∫∞
0

e−qt
(

βj−1tj−1

(j−1)!

)
e−βtdt

]
≤ K β

q
(x2 − x1),

(39)

because F (At + x2−Uj−1)−F (x1 +At−Uj−1) ≤ K(x2− x1). From (37) and (39) we get the result
with K1 = Kβc/q2.

Consider now c ≤ p < c. The main difference in this case is that ruin can occur not only at the
arrival of a claim but also if dividends are paid with current surplus zero at a rate greater than p.

Let us prove first the result for c = p. Consider C ∈ Πx2,p,c as in (36) and

T = min

{
t :

∫ t

0

(Cs − p) ds = x2 − x1

}
. (40)
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We put T =∞ in the event ∫ τ

0

(Cs − p) ds < x2 − x1.

Define C ∈ Πx1,p,c as follows: Ct = p for t ≤ T and then Ct = Ct and τ ≤ τ as the ruin time of the

controlled process XC
t . Note that if T ≤ τ we have XC

T = XC
T because

XC
T −XC

T = x2 − x1 +

∫ T

0

(p− Cs)ds = 0

and so XC
t = XC

t for T ≤ t ≤ τ = τ . In the event that T > τ , we have 0 < XC
t −XC

t ≤ x2 − x1 for
all t ≤ τ ; also τ coincides with the arrival of a claim since Cs = p for s ≤ τ . Therefore, from (40)
and using the proof of (39) we can write

V (x2, p)− V (x1, p)

≤ J(x2;C)− J(x1;C) + ε

= E[IT≤τ

(∫ T

0
(Cs − p) e−qsds

)
]

+E

[
IT>τ

∫ τ

0

(
Cs − Cs

)
e−qsds

]
+ E

[
IT>τ

∫ τ

τ
Cse

−qsds
]
+ ε

≤ 2(x2 − x1) + E[Iτ≤T

∑∞
j=1 I{τ=τj ,τ>τj}

(∫ τ

τj
Cse

−qsds
)
] + ε

≤
(
2 + c K β

q2

)
(x2 − x1) + ε

(41)

and so we get the result with K1 = 2 + c Kβ/q2.
Let us consider now the case c < p < c , C ∈ Πx2,c,c as in (36) and define

T1 = min {t : Ct ≥ p} ;
if Ct ≤ p for all t ≤ τ then T1 =∞.

Since V (·, p) is non-decreasing and continuous, we can find (as in Lemma 1.2 of [7]) an increasing
sequence (yi) with y1 = 0 such that if y ∈ [yi, yi+1) then 0 ≤ V (y, p) − V (yi, p) ≤ ε/2; consider

admissible strategies Ĉi ∈ Πyi,p,c such that V (yi, p) − J(yi, Ĉ
i) ≤ ε/2. Let us define the dividend

payment strategy C ∈ Πx1,c,c as follows: Ct = Ct for t < T1 and Ct = Ĉi
t−T1

for t ≥ T1 in the case

that XC
T1
∈ [yi, yi+1); note that, with this definition, the strategy C turns out to be Borel measurable

and so it is admissible. With arguments similar to the ones used before, we obtain

V (x2, p)− V (x1, p) ≤
(
2 + 2c K

β

q2

)
(x2 − x1). �

Lemma 8.2 There exists K2 > 0 such that

0 ≤ V (x, c1)− V (x, c2) ≤ K2 (c2 − c1)

for all x ≥ 0 and 0 ≤ c1 ≤ c2 ≤ min {c, p} .
Proof. Take ε > 0 and C ∈ Πx,c1,c such that

J(x;C) ≥ V (x, c1)− ε (42)

and define the stopping time
T̂ = min{t : Ct ≥ c2}. (43)

Recall that τ is the ruin time of the process XC
t . Consider first the case c ≤ p and define C̃ ∈ Πx,c2,c

as C̃t = c2It<T̂ + CtIt≥T̂ ; denote by XC
t the associated controlled surplus process and by τ ≤ τ the

corresponding ruin time. Since c ≤ p, both XC
t and XC̃

t are non-decreasing between claim arrivals,
and ruin can only occur at the arrival of a claim. We also have that C̃s−Cs ≤ c2− c1. We can write

V (x, c1)− V (x, c2) ≤ J(x;C) + ε− J(x; C̃)

= E

[∫ τ

0

(
Cs − C̃s

)
e−qsds

]
+ E

[∫ τ

τ
Cse

−qsds
]
+ ε

≤ c
q

∞∑
j=1

E

[
I{τ=τj ,τ>τj}e

−qτj
]
+ ε.

(44)
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Then,

E

[(
e−qτ − e−qτ

)
I{τ=τj , τ>τj}

]
≤ E

[
e−qτj I{τ=τj , τ>τj}

]
.

Using the definitions given in (38), we have

{τ = τj , τ > τj}
=

{
XC

τj = x+AC
τj − Uj−1 ≥ 0 and XC̃

τj = x+AC̃
τj − Uj−1 < 0

}
=

{
x+AC

τj − Uj−1 ≥ Uj > x+AC̃
τj − Uj−1

}
⊆

{
x+AC̃

τj + (c2 − c1)τj − Uj−1 ≥ Uj > x+AC̃
τj − Uj−1

}
.

Note that by the i.i.d. assumptions of the compound Poisson process we have that τj , Uj and
Uj−1 are mutually independent. Hence,

E[
∑∞

j=1 e
−qτj I{τ̃=τj ,τ>τj}]

≤ K(c2 − c1)β
∑∞

j=1

[∫∞
0

e−qt
(

βj−1tj−1

(j−1)!

)
te−βtdt

]
≤ K β

q2
(c2 − c1),

(45)

because F (x + AC̃
t + (c2 − c1)t − u) − F (x + AC̃

t − u) ≤ (c2 − c1)t. From (44) and (45) we get the
result with K2 = Kβc/q3.

Let us consider now the case c > p. Take C ∈ Πx,c1,c as in (42) and T̂ as in (43). For

T1 := min{t : Ct ≥ p},

since c2 ≤ p, we have that T1 ≥ T̂ . Consider the increasing sequence (yi) and the admissible

strategies Ĉi ∈ Πyi,p,c introduced in the proof of Lemma 8.1, and define the dividend payment

strategy C ∈ Πx,c2,c as follows: take rate c2 for t ≤ T̂ , Ct for T̂ ≤ t < T1 and for t ≥ T1 take
Ct = Ĉi

t−T1
in the case that XC

T1
∈ [yi, yi+1); as before, the strategy C turns out to be Borel

measurable and so it is admissible. With arguments similar to the ones used before, we obtain,

V (x, c1)− V (x, c2) ≤
(
2

q
+ 2c K

β

q3

)
(c2 − c1) . �

Proof of Proposition 3.3

Proposition 3.3 follows from the following two lemmas:

Lemma 8.3 Assume that c > p, then there exist constants K2 > 0 and K3 > 0 such that

V (x2, c)− V (x1, c) ≤
[
K2 +

K3

c− p

]
(x2 − x1)

for all 0 ≤ x1 ≤ x2 and p < c ≤ c.

Proof. Take ε > 0 and C ∈ Πx2,c,c such that

J(x2;C) ≥ V (x2, c)− ε. (46)

Define C̃ ∈ Πx1,c,c as C̃t = Ct, and let us call τ̃ ≤ τ the ruin time of the process XC̃
t , then

XC
t −XC̃

t = x2 − x1 for t ≤ τ̃ . Hence, using (46) and (39) we have,

V (x2, c)− V (x1, c)
= E[

∫ τ

τ̃
Cse

−qsds] + ε

≤ E[
∑∞

j=1

(
I{τ̃=τj , τ>τj}

∫ τ

τj
Cse

−qsds
)
] + E[

∑∞
j=1

(
I{τ̃∈(τj−1,τj)}

∫ τ

τ̃
e−qsCsds

)
] + ε

≤ c
q
E[

∑∞
j=1 e

−qτj I{τ̃=τj ,τ>τj}] +
c
q
E[

∑∞
j=1 I{τ̃∈(τj−1,τj)}

(
e−qτ̃ − e−qτ

)
] + ε.

≤ cK β
q2
(x2 − x1) +

c
q
E[

∑∞
j=1 I{τ̃∈(τj−1,τj)}

(
e−qτ̃ − e−qτ

)
] + ε.

(47)
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We also get

E
[ ∞∑
j=1

I{τ̃∈(τj−1,τj)}
(
e−qτ − e−qτ̃

) ] ≤ q E
[ ∞∑
j=1

e−qτj−1 (τ − τ̃)
]
. (48)

Assume now that τ̃ ∈ (τj−1,τj) (and so τ̃ < τ). Then

0 = XC̃
τ̃ = x1 +

∫ τ̃

0

(p− Cs) ds−
j−1∑
k=1

Uk and 0 ≤ XC
τ− ≤ x2 +

∫ τ

0

(p− Cs) ds−
j−1∑
k=1

Uk.

Hence, we get

0 ≤ XC
τ− −XC̃

τ̃ ≤ x2 − x1 +

∫ τ

τ̃

(p− Cs) ds ≤ x2 − x1 + (p− c)(τ − τ̃)

and this implies

τ − τ̃ ≤ x2 − x1

c− p
. (49)

We also have

E[
∑∞

j=1 e
−qτj−1 ] = 1 +

∞∫
0

e−qsβ
∑∞

k=1

(
βk−1sk−1

(k−1)!

)
e−βsds

≤ 1 + β/q.

(50)

So, from (47), (48), (49) and (50), we get the result with K2 = cKβ/q2 and K3 = c(1 + β/q). �

Lemma 8.4 Assume that c > p, then there exist constants K2 > 0 and K3 > 0 such that

V (x, c1)− V (x, c2) ≤
[
K2 +

K3x

(c1 − p)2

]
(c2 − c1)

for all x ≥ 0 and p < c1 ≤ c2 ≤ c.

Proof. If x = 0, V (x, c) = 0 for all c > p. Consider now x > 0 and p < c1 < c2 ≤ c. Take ε > 0
and C ∈ Πx,c1,c such that J(x;C) ≥ V (x, c1)− ε; we define the admissible strategy

T̂ = min{t : Ct ≥ c2}.

C ∈ Πx,c2,c as Ct = c2I{t<T̂} + CtI{t≥T̂}, and the ruin times τ and τ of the processes XC
t and XC

t

respectively. In this case both τ and τ are finite with τ ≥ τ . Note that

τ ≤ x

c1 − p
. (51)

Let us define as T0 = min{t : x+
∫ t

0
(p− Cs)ds = 0} as the ruin time of the controlled process XC

t .

In the event of no claims, we have τ ≤ T0. Since c ≥ Cs ≥ c2 > p, T0 is finite and satisfies

x

c− p
≤ T0 ≤ x

c2 − p
. (52)

So we have

0 ≤
∫ t

0

(
Cs − Cs

)
ds ≤

{
(c2 − c1)t if t ≤ T̂

(c2 − c1)T̂ if t > T̂
,

and then
XC

τ ≤ XC
τ− ≤ XC

τ− − XC
τ− ≤ (c2 − c1)τ ≤ (c2 − c1)T0 ≤ (c2 − c1)

x

c2 − p
. (53)
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We can write, using (45),

V (x, c1)− V (x, c2)

≤ J(x;C)− J(x;C) + ε

≤ c
q

∞∑
j=1

E

[
I{τ=τj , τ>τj}e

−qτj
]
+ c

q

∞∑
j=1

E

[
I{τ∈(τj−1,τj), τ>τ}

(
e−qτ − e−qτ

)]
+ ε

≤ cβK
q3

(c2 − c1) +
c
q

∞∑
j=1

E

[
I{τ∈(τj−1,τj), τ>τ}

(
e−qτ − e−qτ

)]
+ ε.

(54)

In the case that τ ∈ (τj−1, τj) and τ > τ , we have that

XC
τ +

∫ τ

τ

(p− c1)ds ≥ XC
τ− ≥ 0.

Then we get, from (53),

0 ≤ τ − τ ≤ XC
τ

c1 − p
≤ x

(c1 − p)(c2 − p)
(c2 − c1). (55)

Hence, by virtue of (48), (50) and (55),

c
q

∞∑
j=1

E

[
I{τ∈(τj−1,τj), τ>τ}

(
e−qτ − e−qτ

)]
≤ c

q

∞∑
j=1

E

[
I{τ∈(τj−1,τj), τ>τ}q (τ − τ) e−qτj−1

]
≤

∞∑
j=1

E

[
I{τ∈(τj−1,τj), τ>τ}e−qτj−1

]
cx

(c1−p)(c2−p)
(c2 − c1)

≤ cx
(c1−p)(c2−p)

(c2 − c1)
∞∑
j=1

E
[
e−qτj−1

]
= cx

(c1−p)(c2−p)

(
1 + β

q

)
(c2 − c1).

Therefore, from (54) the result is established with K2 = cβK/q3 and K3 = c (1 + β/q). �

Proof of Proposition 3.4

The proof of Proposition 3.4 is quite technical. In addition to some technical lemmas below, we will
use the exponential inequality

e−
γ
zη ≤ e

− 1
η

(γη)1/η
z (56)

for z > 0, γ > 0 and η > 0, as well as the following elementary remark about convolutions of
independent distribution functions.

Remark 8.1 The distribution function Fj of the random variable Uj = U1 + ... + Uj is Lipschitz
with the same Lipschitz constant as F . To see this, consider U2 = U1 + U2. Then

P (a ≤ U1 + U2 ≤ a+ h) =

∫ a+h

0

∫ a+h−u

a−u

dF (v)dF (u) ≤ Kh

∫ a+h

0

dF (u) ≤ Kh.

With a recursive argument the proof extends to all Uj for j ≥ 1.

Let us call Jc
x the value function of the strategy in Πx,c,c that pays dividends at a constant rate

c until ruin. We first compare Jp
x with Jc

x for c > p.

Lemma 8.5 If c > p, there exists a positive constant K, such that,

− c− p

q
≤ Jp

x − Jc
x ≤ K

[
1 +

1

x
+

e−
1

1−α

(xq(1− α))1/(1−α)
+

x

(c− p)1−α

]
(c− p),

for any 0 < α < 1 and x > 0.
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Proof. Let us call C ∈ Πx,p,c the constant strategy Ct = p and C ∈ Πx,c,c the constant strategy
Ct = c > p for all t. Define again τ as the ruin time of the process XC

t and τ the one of the process

XC
t . We have that τ coincides with the arrival of a claim and τ ≤ τ , so we get the first inequality

since

Jc
x ≤

∫ ∞

0

(c− p) e−qsds+

∫ τ

0

pe−qsds ≤ c− p

q
+ Jp

x .

We can write, using (45),

Jp
x − Jc

x ≤ p
q
E
[
e−qτ − e−qτ

]
.

≤ p
q

∞∑
j=1

E

[
I{τ=τj , τ>τj}e

−qτj
]
+ p

q

∞∑
j=1

E

[
I{τ∈(τj−1,τj), τ>τ}e−qτ

]
≤ pβK

q3
(c− p) + p

q

∞∑
j=1

E

[
I{τ∈(τj−1,τj), τ>τ}e−qτ

]
.

(57)

Note that if τ ∈ (τj−1, τj), then τ > τ .
In the event that τ ∈ (0, τ1) we have τ = x/(c− p). From (56), we get

E

[
e−qτI{τ∈(0,τ1)}

]
≤ e

−q x
c−pE

[
I{τ∈(0,τ1)}

] ≤ e−1

qx
(c− p)E

[
I{τ∈(0,τ1)}

]
. (58)

In the event that τ ∈ (τ1, τ2), we have XC
τ1 = x − (c − p)τ1 − U1 > 0. We consider two cases:

XC
τ1 ≤ x (c− p)α and XC

τ1 > x (c− p)α . In the first case, using the Lipschitz condition on F , we
obtain

E

[
e−qτI{τ∈(τ1,τ2)}I

{
0<XC

τ1
≤x(c−p)α

}
]

≤ E
[
e−qτI{τ∈(τ1,τ2)}I{x+(p−c)τ1−x(c−p)α≤U1<x+(p−c)τ1}

]
≤ E

[
e−qτ1I{τ∈(τ1,τ2)}I{x+(p−c)τ1−x(c−p)α≤U1<x+(p−c)τ1}

]
≤ Kx (c− p)α E

[
e−qτ1I{τ∈(τ1,τ2)}

]
.

In the second case, we have (τ − τ1) = XC
τ1/(c− p) ≥ x/ (c− p)1−α, and (56) yields

E

[
e−qτI{τ∈(τ1,τ2)}I

{
XC

τ1
>x(c−p)α

}
]

= E

[
e−q(τ−τ1)e−qτ1I{τ∈(τ1,τ2)}

]
≤ e

− qx

(c−p)1−α
E
[
e−qτ1I{τ∈(τ1,τ2)}

]
.

Hence,

E

[
e−qτI{τ∈(τ1,τ2)}

]
≤ E

[
e−qτ1

](
Kx (c− p)α +

e−
1

1−α

(qx(1− α))1/(1−α)
(c− p)

)
. (59)

In a similar way, and using Remark 8.1, we obtain,

E

[
e−qτI{τ∈(τj−1,τj), τ>τ}

]
≤ E

[
e−qτj

](
Kx (c− p)α +

e−
1

1−α

(xq(1− α))1/(1−α)
(c− p)

)

for any j ≥ 3 and so from (50), (57) and (58) we get the second inequality. �

In the next lemma, we give an alternative version of the Lipschitz condition for x > 0 and c > p.
Here, for x2 > x1 ≥ δ > 0, the growth of the Lipschitz bound as c→ p+ , goes to infinity but slower
than the bound obtained in Lemma 8.3.

Lemma 8.6 For any 0 < α < 1 there exists a positive constant K̃ such that

V (x2, c)− V (x1, c) ≤ K̃

[
1 +

1

x1
+

e−
1

1−α

(qx1(1− α))1/(1−α)
+

x1

(c− p)1−α

]
(x2 − x1),

where p < c ≤ c and 0 < x1 < x2.
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Proof. Take ε > 0 and C ∈ Πx2,c,c such that

J(x2;C) ≥ V (x2, c)− ε (60)

and call τ the ruin time of the process XC
t . Define C̃ ∈ Πx1,c,c as C̃t = Ct and call τ̃ the ruin time of

the process XC̃
t ; it holds that τ̃ ≤ τ and XC

t −XC̃
t = x2−x1 for t ≤ τ̃ . In the event that τ̃ ∈ (τj−1,τj)

(and so τ̃ < τ), XC̃
τ̃ = 0 and so XC

τ̃ = XC̃
τ̃ + (x2 − x1) = x2 − x1. Hence, since Cs ≥ Cτ̃ for s ≥ τ̃ ,

τ − τ̃ ≤ 1

Cτ̃ − p

∫ τ

τ̃

(Cs − p) ds ≤ x2 − x1

Cτ̃ − p
. (61)

From (47) and (61), we get

V (x2, c)− V (x1, c)

≤ cK β
q2
(x2 − x1) +

c
q
E[

∑∞
j=1 I{τ̃∈(τj−1,τj)}e

−qτ̃
(
1− e−q(τ−τ̃)

)
] + ε

≤ cK β
q2
(x2 − x1) + cE[

∑∞
j=1 I{τ̃∈(τj−1,τj)}e

−qτ̃ 1
Cτ̃−p

] (x2 − x1) + ε

(62)

since 1− e−ay ≤ ay.
In the event that τ̃ ∈ (0, τ1),

(Cτ̃ − p)τ̃ ≥
∫ τ̃

0

(Cs − p) ds = x1,

so τ̃ ≥ x1/(Cτ̃ − p). By (56), we get

E

[
e−qτ

Cτ̃ − p
I{τ∈(0,τ1)}

]
≤ e−1

qx1
. (63)

In the event that τ̃ ∈ (τ1, τ2), we consider two cases: XC̃
τ1 > x1 (Cτ̃ − p)α and 0 < XC̃

τ1 ≤
x1 (Cτ̃ − p)α. Analogously to the proof of Lemma 8.5, we use the Lipschitz condition on F in the
first case and (56) in the second case to obtain

E

[
I{τ̃∈(τ1,τ2} e−qτ̃

Cτ̃−p

]
= E

[
e−qτ̃

Cτ̃−p
I{τ̃∈(τ1,τ2)}I0<Xτ1

≤x1(Cτ̃−p)α

]
+E

[
e−qτ̃

Cτ̃−p
I{τ̃∈(τ1,τ2)}IXτ1>x1(Cτ̃−p)α

]
≤

(
Kx1

(c−p)1−α + e
− 1

1−α

(qx1(1−α))1/(1−α)

)
E
[
e−qτ1

]
.

In a similar way, and using Remark 8.1, we obtain

E

[
I{τ̃∈(τj−1,τj)}e

−qτ̃ 1

Cτ̃ − p

]
≤

(
Kx1

(c− p)1−α +
e−

1
1−α

(qx1(1− α))1/(1−α)

)
E
[
e−qτj−1

]
for any j ≥ 3 and so from (50), (63) and (62), we get the result. �

Proof of Proposition 3.4. Consider x > 0, we need to prove that limc→p+ V (x, c) = V (x, p). Let
us call, as before, Jc

y the value function of the strategy in Πy,c,c that pays dividends at a constant
rate c until ruin. Then, by Remark 2.1, V (0, p) = Jp

0 . Also, we get 0 ≤ Jp
y − Jp

0 = Jp
y − V (0, p), and

from Proposition 3.2 there exists a K1 > 0 such that V (y, p)− V (0, p) ≤ K1y. Hence,

V (y, p)− Jp
y ≤ V (y, p)− V (0, p) + V (0, p)− Jp

y ≤ K1y.

So, given ε > 0 small enough and taking δ ≤ ε/K1, we have

V (y, p)− Jp
y ≤ ε (64)

for all initial surplus levels 0 ≤ y ≤ δ. We assume δ < min {1/4, x}, so δ3/2 < δ/2. Consider
C ∈ Πx,p,c such that J(x;C) ≥ V (x, p)− ε and define T1 := min

{
t ≥ 0 : XC

t ≤ δ
}
and T2 such that
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∫ ∞

T2

e−qscds =
c

q
e−qT2 ≤ ε.

Take c ∈ (p, c) such that

c− p ≤ min{δ3/2/T2, (ε/T2)
5 , ε, δ3/2}. (65)

Let us define T̂ := min{t : Ct ≥ c}. Since V (·, c) is non-decreasing and continuous, we can find (as
in Lemma 8.1) an increasing sequence (yi) with y1 = 0 such that if y ∈ [yi, yi+1), then 0 ≤ V (y, c)−
V (yi, c) ≤ ε/2. Consider admissible strategies Ĉi ∈ Πyi,c,c such that V (yi, c)− J(yi, Ĉ

i) ≤ ε/2.

Let us now define the admissible strategy C ∈ Πx,c,c as follows: Ct = c for t < T̂ ; in the event
that T1 ≤ T̂ (and so XC

T̂
≤ δ), the strategy for t ≥ T̂ consists of paying dividends at constant rate

c until ruin; and in the event that T1 > T̂ (and so XC
T̂

> δ), we define Ct = Ĉi
t−T1

for t ≥ T̂ in the

case that XC
T1
∈ [yi, yi+1). Note that with this definition the strategy C turns out to be admissible

and Cs − Cs ≤ 0 for s ≤ T̂ .
Let us call τ and τ the ruin times of the processes XC

t and XC
t , respectively. In order to prove

the result, we consider different cases depending on the value of T̂ :

V (x, p)− V (x, c)

≤ J(x;C)− J(x;C) + ε

= E

[
I{T̂≥τ}(J(x;C)− J(x;C))

]
+ E

[
I{T̂<τ,T̂>T2}(J(x;C)− J(x;C))

]
+E

[
I{T̂<τ,T̂≤T2∧T1}(J(x;C)− J(x;C))

]
+ ε

+E

[
I{T̂<τ,T̂∈[T1,T2]}(I{T1 �=τj , 1≤j} +

∞∑
j=1

I{T1=τj})
(
J(x;C)− J(x;C)

)]
.

(66)

In the event T̂ ≥ τ , using τ ≥ τ and Lemma 8.5, we can show that

E

[
I{T̂≥τ}(J(x;C)− J(x;C))

]
≤ K

[
1 + 1

x
+ e

− 1
1−α

(xq(1−α))1/(1−α) + x
(c−p)1−α + 1

q

]
(c− p).

(67)

In the event that T̂ < τ and T̂ > T2, by the definition of T2,

E

[
I{T̂<τ,T̂>T2}(J(x;C)− J(x;C))

]
≤ E

[∫ ∞

T2

e−qscds

]
≤ ε. (68)

In the event that T̂ < τ, T̂ ≤ T2 ∧ T1, it holds that X
C
T̂
≥ δ and

0 ≤ XC
T̂
−XC

T̂
≤ (c− p)T̂ < (c− p)T2 ≤ min

{
ε, δ3/2

}
< δ/2.

Therefore, since V (·, c) is non-decreasing and XC
T̂
∈ [δ/2, x), we obtain from Lemma 8.6

E

[
I{T̂<τ,T̂≤T2∧T1}(J(x;C)− J(x;C))

]
≤ K̃

(
1 + 2

δ
+ e

− 1
1−α

(q(1−α)δ/2)1/(1−α)

)
δ3/2 + K̃x(c− p)αT2 + ε.

(69)

In the event that T̂ < τ and T̂ ≥ T1, the strategy is Ct = c for all t. If T1 does not coincide with

the arrival of a claim, then XC
T1

= δ (and so XC
T1
≥ δ/2). Then we can write, using (64), Proposition

3.2 and Lemma 8.5,

E

[
I{T̂<τ,T̂∈[T1,T2]}I{T1 �=τj , 1≤j}(J(x;C)− J(x;C))

]
≤ E

[
I{T̂<τ,T̂∈[T1,T2]}I{T1 �=τj , 1≤j}e−qT1(V (δ, p)− Jc

δ/2)
]

≤ (V (δ, p)− Jp
δ ) +

(
Jp
δ − Jp

δ/2

)
+

(
Jp
δ/2 − Jc

δ/2

)
≤ ε+K1

ε
2K1

+K(1 + 2
δ
+ e

− 1
1−α

(δ/2q(1−α))1/(1−α) )δ
3/2 +Kδ/2(c− p)α .

(70)
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Finally, in the event that T̂ < τ, T̂ ≥ T1 and T1 coincides with the j-th claim arrival, then
XC

T1
= XC

τj ∈ (0, δ) and XC

τ−j
≥ δ. Hence,

0 < XC
T1

= XC
τj = XC

τ−j
− Uj < δ.

Therefore, XC

τ−j
> Uj > XC

τ−j
− δ ≥ 0. Since F (XC

τ−j
) − F (XC

τ−j
− δ) ≤ Kδ and, by the compound

Poisson assumptions, we obtain

E

[
I{T̂<τ,T̂∈[T1,T2]}I{T1=τj}e

−qτj
]
≤ KδE

[
e−qτj

]
.

So, by (50) and Proposition 3.3,

∞∑
j=1

E

[
I{T̂<τ,T̂∈[T1,T2]}I{T1=τj}(J(x;C)− J(x;C))

]
≤ KδV (δ, c)

∑∞
j=1 E

[
e−qτj

]
≤ Kcβ

q2
δ.

(71)

Using (65)–(71) with α = 1/5, and so 1/ (1− α) = 5/4 < 3/2, we get the result. �
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