Appendix
Proof of Proposition 3.2

Proposition 3.2 follows from the two following Lemmas.

Lemma 8.1 There exists K1 > 0 such that
V(za,c) — V(z1,¢) < Ki (x2 — x1)
for all 0 < 21 < z2 and ¢ < min{¢, p}.

Proof. Take € > 0 and C' € I, .z such that
J(x2;C) > V(x2,¢) — €. (36)

Then the associated control process is given by

t Ny
x?Z :m2+/ (prS)dszUi.
0 i=1
Let 7 be the ruin time of the process XC. Assume first that ¢ < p and define Ce Iy, cc as Cy = Ct,
where
~ t N¢
XC =4 +/ (p—Cs)ds—ZUi.
0 i=1

For the ruin time 7 < 7 of the process Xté, it holds X — Xté =1z9 — a1 for t < 7. Since ¢ < p, ruin
can occur only at the arrival of a claim. Hence, using (36) we have

V(fg,c)-V(:Bl,C) < (1‘2, ) (1‘170)4-5
= E[[f] Cse™%ds] +¢
< EX (J7 Coemrods)) +e (37)
— N o {T Tj and ‘I'>TJ}
S E]E[ =1¢ - ]I{T 7j and T>T; }]+E
With the definitions -
j— t
Uj—1 = Z U; and AY = / (p — Cs)ds, (38)
i=1 0

we have
{T=7and7>7}= {$2+Arcj —Uj1 2 U; >z + AS —Uj—l}7

and by the i.i.d. assumptions 7;, U; and U;_1 are mutually independent. This implies

E[Z;.il e 17 I{?—Tj,7'>7'j}]

oo — j—14g—1 _
< K(wa—2)BY [ et (%)e ﬁtdt} (39)
< KS(:L‘Q—:Lj),

because F'(A; +x2 —Uj—1) — F(ax1 + Ay —U;j—1) < K(xz2 —x1). From (37) and (39) we get the result
with K1 = Kf3¢/q>.

Consider now ¢ < p < ¢. The main difference in this case is that ruin can occur not only at the

arrival of a claim but also if dividends are paid with current surplus zero at a rate greater than p.
Let us prove first the result for ¢ = p. Consider C € Il,, ,z as in (36) and

T:min{t:/Ot(Cs—p)ds:xg—xl}. (40)



We put 7' = oo in the event
/ (Cs —p)ds <z — x1.
0

Define C € ) pe aifollows: C, = p for t < T and then C, = Cy and 7 < 7 as the ruin time of the
controlled process X . Note that if T < 7 we have X = X§ because

_ T
ququq:ng:clJr/ (p—Cs)ds=0
0

and so X = X? for T'<t¢ <7 =r7. In the event that 7" > 7, we have 0 < x¢ —X?g ro — xp for
all ¢ < 7; also T coincides with the arrival of a claim since C's = p for s < 7. Therefore, from (40)
and using the proof of (39) we can write

V(z2,p) = V(z1,p)
< J(x2;C) — J(x1;C) + €
= Ellr- (Ji (Co—p)e7ds)]
+E [Irs7 ] (Co = Co) e % ds| +E [Irsr [7 Coe™ds] + (41)
2wz = 1) + Ellrar 532 Ty, oo,y (U7, Coe™0%ds)) 4
(2+6Kq%) (x2 —x1) + €

and so we get the result with K1 =2 +¢ Kﬂ/q2.
Let us consider now the case c < p < ¢, C € Il;, cz as in (36) and define

IN

IN

Ty = min{t: Ct > p};

if Cy <pforall t <7 then Th = co.

Since V(-,p) is non-decreasing and continuous, we can find (as in Lemma 1.2 of [7]) an increasing
sequence (y;) with y1 = 0 such that if y € [yi, yit1) then 0 < V(y,p) — V(vi,p) < £/2; consider
admissible strategies C' € Ly, p.z such that V(yi,p) — J(vs, C") < £/2. Let us define the dividend
payment strategy C e I, ¢,z as follows: Cy=Cyfort <Ti and C; = af,Tl for t > T3 in the case
that X% € [yi,yi+1); note that, with this definition, the strategy C' turns out to be Borel measurable
and so it is admissible. With arguments similar to the ones used before, we obtain

V(z2,p) — V(z1,p) < (2 +2¢ Kq%) (x2 —z1). W
Lemma 8.2 There exists Ko > 0 such that
0<V(z,c1) = V(z,c2) < Ko (c2 —c1)

forallz >0 and 0 < ¢1 < c2 < min{c, p}.
Proof. Take € > 0 and C' € II; ¢, z such that

J(x;C) > V(z,c1) —e (42)

and define the stopping time R
T =min{t: Cy > ca}. (43)
Recall that 7 is the ruin time of the process XE. Consider first the case ¢ < p and define C € | P
as Ct = col, 5 + Ctltzf; denote by X the associated controlled surplus process and by 7 < 7 the
corresponding ruin time. Since € < p, both X and XC are non-decreasing between claim arrivals,
and ruin can only occur at the arrival of a claim. We also have that Cs — Cs < ca —c1. We can write

V(z,a1) — V(z,ca) < J(@;C)+e— J(x;C)

= E [f: (CS — 55) e_qsds] +E U; C’se_qsds] +e

1/ (44)
= g Z E [I{?:Tj,‘r>fj}eiq7—ji| TE



Then,

—q7T __ —qT —qTj
E |:(€ € ) I{?:Tj, T>Tj}] S E |:€ 7I{?:Tj, 7'>‘r_7~}:| °
Using the definitions given in (38), we have
{7 =Tj, T > Tj}
= ngic-i-A%— jflzoanngII+A9j—Uj71<0}
= .’L'+A%*Z/[j—1 >Uj >$+A%*Ujfl}
- $+A%+(62—61)7—]’—uj_1 EUJ >:IJ—|—A$;—Z/[J'_1}.
Note that by the i.i.d. assumptions of the compound Poisson process we have that 7;, U; and
Uj—1 are mutually independent. Hence,
E[Zjoil e 17 [{;:Tj,T>Tj ]
o _ G=14i—1 _
< Kl —ca)BY 2, | [ioe™™ (%) te Btdt] (45)
S Kq%(CQ — Cl),
because F(z + Até +(c2—c)t—u)— F(z+ Até —u) < (c2 — c1)t. From (44) and (45) we get the
result with Ko = K3¢/¢°.
Let us consider now the case ¢ > p. Take C' € I, ¢, z as in (42) and T as in (43). For

T1 := min{t : Ct > p},

since c2 < p, we have that 77 > T. Consider the increasing sequence (y;) and the admissible
strategies C' € Ily, p,e introduced in the proof of Lemma 8.1, and define the dividend payment
strateg)/l\é € Ilg,cy,c as follows: take rate co for t < T, C, for T <t < Ti and for t > T} take
C; = C’ti,T1 in the case that X% € [yi,yi+1); as before, the strategy C turns out to be Borel
measurable and so it is admissible. With arguments similar to the ones used before, we obtain,

V(z,e1) = V(z,e2) < (3 +2¢ Kq£3> (c2—c1). M

Proof of Proposition 3.3
Proposition 3.3 follows from the following two lemmas:

Lemma 8.3 Assume that € > p, then there exist constants Ko > 0 and K3 > 0 such that
K
V(ws,c) = V(z1,0) < {Kz + ﬁ} (z2 — 21)

forall0 <z <x2 andp < c<e.
Proof. Take ¢ > 0 and C € Il,, .z such that
J(x2;C) > V(x2,c) —e. (46)

Define C € Iz, ce as 6’,5 = C4, and let us call 7 < 7 the ruin time of the process th then
XE — X = a9 — 1 for t < 7. Hence, using (46) and (39) we have,

%4

—~

T2, C) — V(wh C)

E[f; Cse™9ds] + ¢

By (I{*:Uv s} 7 Cseiqsds)] +ER (I{;G(ijlj_i)} F eiqscsds)] Te o ()
%E[Z;‘;l e 975 I{f:Tja‘F>Tj}] + %E[Z;‘;l I{‘T’G(j'j—l,fj)} (e—qr — e_qT)] + €.

EKq%(:vz — 1) + %E[Z;i1 [{?e(rj,l,rj)} (ef‘” — ef‘”)] + €.

ININ A



We also get

B Moty mp) (77 = €77) ) S OB e (7). (49

= j=1
Assume now that 7 € (7;-1,7;) (and so 7 < 7). Then

~ j—1 Jj—1

O:X;é:xl—i—/ (p—Cs)ds—ZUk andOSXff ng—i—/ (p—CS)ds—ZUk.
0 k=1 0 k=1

Hence, we get

OSXTC_fX;GS:vzf:E1+/~ (p—Cs)ds<zp—z1+ (p—c)(T—T)

and this implies

o T (49)
c—p
We also have
[e5S] —qTi_— —qgs [e5S] k—1gk—1 —Bs
ER 52, e7® 7] = 1+/€q52k:1(6(kf1)!)eﬁds (50)
0
< 1+8/q

So, from (47), (48), (49) and (50), we get the result with Ko = ¢K3/¢* and K3 = ¢(1+ 3/q). B
Lemma 8.4 Assume that ¢ > p, then there exist constants Ko > 0 and K3 > 0 such that

Lmz} (c2 —c1)

V(z,e1) = Vi(z,e2) < {Kz +
(c1—p)
forallz >0 andp <ci1 <c2 <C.
Proof. If z =0, V(z,c) =0 for all ¢ > p. Consider now = > 0 and p < ¢1 < c2 < ¢ Takee >0
and C € I, ., z such that J(z;C) > V(z,c1) — €; we define the admissible strategy
T =min{t: C; > co}.

Ce IIs,co,e as C, = czl{Kf} + CtI{th}, and the ruin times 7 and 7 of the processes XtC and X?

respectively. In this case both 7 and 7 are finite with 7 > 7. Note that

T < i

= C1*p.

(51)

Let us define as Ty = min{t : z + fot (p — Cs)ds = 0} as the ruin time of the controlled process X .
In the event of no claims, we have 7 < Tp. Since ¢ > Cs > 3 > p, Tp is finite and satisfies

x xT

= <Tp < . (52)
c—0p C2 —p
So we have
t _ . < el
OS/(CS—CS)dsg (e2—et i £<T
o (c2—c)T if t>T
and then - :c
X8 <x2 <x2 — XE <(2—e)T< (ca—e1)To < (e2— c1)- - (53)
” —



We can write, using (45),

Q

V({L’,Cl) - V(xch) o
< J(@;C)— J(x;C) + ¢
< 3 —aTj c S —qT __ ,—qT
S q]E:lE [I{?:Tj, T>TJ}€ ]] + qjglE [I{?E(Tj,l,fj), T>?} (6 € )] +eé (54)
cBK z - —q7 —ar
= 5 (c2— 1) + EJZ:IE [1{76(‘%‘71%‘), T>7} (e T )] te

In the case that 7 € (751, 7;) and 7 > 7, we have that

X$+/ (p—c1)ds > XS >0.

Then we get, from (53),

X< T
0<7—-7< T < co2 —C1). 55
e e CEDICED L %)
Hence, by virtue of (48), (50) and (55),
gﬂgl]E [[{?E(Ufwj)v T>7} (7 - eiqT)]
< gjglE [I{?e(rj_l,-rj)-, >7}4 (r—7) eiq‘rj_l]

IN

= —qTi_— cT _
]E:IE [[{?E(ijlﬁj)ﬂ T>?}€ ! 1] (c1—p)(c2—p) (c2—c1)
@mamn (2~ @) LE [T

j=

c: B
i (11 5) (e —a).

Therefore, from (54) the result is established with Ko = ¢3K/q®> and K3 =¢(1+ 3/q). B

Proof of Proposition 3.4

The proof of Proposition 3.4 is quite technical. In addition to some technical lemmas below, we will

use the exponential inequality )

< (56)
(ym)"/"

for z > 0, v > 0 and n > 0, as well as the following elementary remark about convolutions of

independent distribution functions.

Remark 8.1 The distribution function Fj of the random variable ¢; = Uy + ... + U; is Lipschitz
with the same Lipschitz constant as F'. To see this, consider Us = U; + Usz. Then

at+h at+h—u a+h
P@gLﬁ+%§a+h%:/ / wwmwmogxh/ dF(u) < Kh.
0 a—u 0

With a recursive argument the proof extends to all ¢; for j > 1.

Let us call J; the value function of the strategy in Il; .z that pays dividends at a constant rate
¢ until ruin. We first compare J2 with J; for ¢ > p.

Lemma 8.5 If c > p, there exists a positive constant K, such that,
1
14 1 n e 1—a " T
T (2q(1—a)’07 " (c—p)

c—p
q

<JP-J <K

1o¢:| (C _p)7

forany 0 < a <1 andz > 0.



- Proof. Let us call C € Il , = the constant strategy C; = p and C e II; ce the constant strategy
Cy = c > p for all t. Define again 7 as the ruin time of the process X and 7 the one of the process

XE. We have that 7 coincides with the arrival of a claim and 7 < 7, so we get the first inequality
since

J;S/ (c—p)e_qsds—i—/ pe —asgs < E°P +Jp
0 0 q

We can write, using (45),

TP < EE[enT e
< %; [ {7— T, 7—>7—]}e qT]] +4 ZE [I{TG(T] 1,75), T>T}e o ] (57)
< K( p)+ & EE [I{TE(T] 175), T>7}E o ] :

Note that if 7 € (7j-1,7;), then 7 > 7.
In the event that 7 € (0,71) we have 7 = x/(c — p). From (56), we get

—1

qfx(c ~P)E [Iize(0,m)}] - (58)

E e " Tire.ny) < € TFE [Ireny] <

In the event that 7 € (71, 72), we have XE =z — (¢c—p)mn — U1 > 0. We consider two cases:

XE < z(c—p)* and X > 2 (c—p)®. In the first case, using the Lipschitz condition on F, we
obtain

E

—
[

_qTf{?em,fz)}f{MXg gz(c_p)a}]

< Ele T Iire(ri ) Lot (0—c)ri —a(c—p)® <UL <ot (p—c)71}]
—qT

< Ele M re(n m) ot (0-am —a(c-p)? <Ur <o+ (-0}

< Kaz(c—p)*E e Iire(ry ma)y] -

In the second case, we have (T — 1) = X?l/(c —p) >/ (c—p)'™%, and (56) yields

E |:e_(ﬁ[{?€(7_1,7.2)}]{x?1>z<c?p)a}:| = E [e_Q(?_Tl)e_QTll{?E(Tl,TQ)}]
— qx
< e K [67[171[{?6(71,72)}] :
Hence,
1
. o e T-a
E [e q I{?e(nn)}} <E {e a 1] Kz (c—p)* + T7a=a) (c—p)|. (59)
(qz(1 —a))
In a similar way, and using Remark 8.1, we obtain,
|
—aq7 —q7; ) e - -
E [6 I{?G(Tj_1,7'j), T>?}:| <E [e 7] <K$ (c—p)" + (zq(1 — a))l/(lfoc) (c p)>
for any 7 > 3 and so from (50), (57) and (58) we get the second inequality. |
yJ g y

In the next lemma, we give an alternative version of the Lipschitz condition for z > 0 and ¢ > p.
Here, for xo > 1 > § > 0, the growth of the Lipschitz bound as ¢ — p™ , goes to infinity but slower
than the bound obtained in Lemma 8.3.

Lemma 8.6 For any 0 < o < 1 there exists a positive constant K such that

e l-«o T1

V(za,c) — V(z1,c) < K1+ i—i—

€1 (g1 (1 — a))l/(l—a) + © —p)17 (z2 — x1),

where p < c<¢and 0 < x1 < x2.



Proof. Take € > 0 and C € I, e such that

J(x2;C) > V(xa,c) — e (60)
and call 7 the ruin time of the process Xtc. Define C € Iz, ce as ét = (C,; and call 7 the ruin time of
the process X¢'; it holds that 7 < 7 and XE — XE = x5 — 21 for t < 7. In the event that 7 € (1j-1,75)
(and so 7 < 7), X& =0 and so X& = X¢ 4 (x2 — 1) = o2 — 1. Hence, since Cs > C5 for s > 7,

~ T T2 — 513'1
_F< o — < 1
T T*C;fp/; (Cs —p)ds c (61)
From (47) and (61), we get
V(z2,¢) = V(z1,0)
< ch%(xz —x1) + %E[Z;’;l I{'Fe(fj_l)fj)}e_jT (1 — e—q(f_r))] te (62)
< e

To — T1) +EE[Z;11 I{?E(Tj—l,Tj)}e_qTﬁ} (xg —x1)+e

q
since 1 — e~ < ay.
In the event that 7 € (0,71),
€ -7z [ (C-pds=n,
0
so T > z1/(C7 — p). By (56), we get

-1

e ™ e
E o p ——IFeomy| < e (63)

In the event that 7 € (71,72), we consider two cases: XTC~1 > 21 (C7 —p)® and 0 < XTé1 <
z1 (C7 — p)®. Analogously to the proof of Lemma 8.5, we use the Lipschitz condition on F' in the
first case and (56) in the second case to obtain

e— a7 e— a7
[I{re(n T} Cr—p } E [7c~ ;,,I{?e(n,m)}10<xf1 <21(Cr—p)®

+E [ I{TE(Tl 72)}IXT1 >x1(Cz—p)*
( Kzl_ + e "= > E [e*qu] .

(c=p)1= T (qz1(1—a))/(=a)

IN

In a similar way, and using Remark 8.1, we obtain

1
_ax 1 Kz e IT-a o
E|l~., e qTi} < — + E e 91
|: {TE(T]_LTJ)} C; —p ((Cp)l « (q1’1(1 _a))l/(la)> [ }

for any j > 3 and so from (50), (63) and (62), we get the result. [ |

Proof of Proposition 3.4. Consider x > 0, we need to prove that lim,_, + V(z,c) = V(z,p). Let
us call, as before, J; the value function of the strategy in IL, .z that pays dividends at a constant
rate ¢ until ruin. Then, by Remark 2.1, V(0,p) = J§. Also, we get 0 < JF' — J§ = JI —V(0,p), and
from Proposition 3.2 there exists a K1 > 0 such that V(y,p) — V(0,p) < Kiy. Hence,

V(y,p) = Jy < V(y,p) = V(0,p) + V(0,p) — Jy < Kuy.
So, given € > 0 small enough and taking 6 < /K1, we have

Viy,p)—Jy <e (64)

for all initial surplus levels 0 < y < §. We assume § < min{1/4,z}, so 6°/2 < §/2. Consider
C € I, pz such that J(z;C) > V( ,p) — € and define Ty :=min {t > 0: X < 6} and Tj such that



/ e Teds = —e 172 < e.
Ty q

Take ¢ € (p,¢) such that

c—p < min{6*? /Ty, (c/T2)° ,&,6%/%}. (65)
Let us define 7 := min{t : C; > ¢}. Since V (-, ¢) is non-decreasing and continuous, we can find (as
in Lemma 8.1) an increasing sequence (y;) with 11 =0 such that if y € [yi, yi+1), then 0<V(y,c)—
V(yi,c) < /2. Consider admissible strategies Cie IT,, ¢z such that V(y;,c) — (y27 ) <e/2.

Let us now define the admissible strategy C e [Iy,cz as follows: Ci=cfort< T in the event
that 77 < T (and so XC < §), the strategy for ¢ > T consists of paying dividends at constant rate
¢ until ruin; and in the event that 7} > T (and so XTQ > §), we define C; = C*;;Tl for t > T in the
case that X% € [yi,yi+1). Note that with this definition the strategy C turns out to be admissible
andC’s—65§Ofor5§f -

Let us call 7 and 7 the ruin times of the processes X and X, respectively. In order to prove
the result, we consider different cases depending on the value of T

Viz,p) = V(z,c)
< J(x;C) = J(x;C) + €
= E[[{7:m (J@:0) = J@ O)] +E [[{70r 5y (U@ C) = I (w50))] )
HE I 77 pgynm ) (1@ C) = J(@:0))] +e
YE oz ey mo)} U rypry, 145} ];f{nzq}) (J(z;C) = J(x;0))
In the event ’f T, using 7 > 7 and Lemma 8.5, we can show that
E [I{fz?}u(:c; c)— J(x;é))] o
1
<K {1 titmaya s T o T ﬂ (c—p).
In the event that T < 7 and T > T5, by the definition of T,
E [I{f<?7f>T2}(J(x;C’) - J(m;é))] <E U e_qSEds} <e. (68)
Ty
In the event that T < T, T < T AT, it holds that X% > and
0< Xg — qu < (c—p)f < (¢ —p)T> < min {5763/2} <0/2.
Therefore, since V (-, ¢) is non-decreasing and XT? € [6/2,x), we obtain from Lemma 8.6
E [I{f<?,f§T2AT1}(J(1'§ 0) - J(w;é))]
L (69)

< K <1+ it W) 82 + Ka(c—p)*Tz +e.

In the event that T' < 7 and T > T, the strategy is Cy = ¢ for all ¢t. If T} does not coincide with

the arrival of a claim, then X§, = § (and so X{, > 6/2). Then we can write, using (64), Proposition
3.2 and Lemma 8.5,

E [I{quem,TQ]}I{T#TJ., 15} (J(@:C) = J(wf))]

< E[Ipergem ) Inn, 125y 0V (6.0) — J50)] -
S VO =T+ (= Tha) + (Tha = i)
S et Kugke + RO+ 34 ity 072+ Kb/2(e = p)”



Finally, in the event that T < T, T > T1 and 71 coincides with the j-th claim arrival, then
X7, = X7 €(0,6) and X > 6. Hence,

J

0<Xf =Xy =X —U; <.
J

Therefore, XTC‘, >U; > X_FC_, — 0 > 0. Since F(X_FC_,) — F(Xf‘, — ) < K6 and, by the compound
Poisson assum]ptions, we obtjain ’ ’

£ [I{fa,fem,T;)J}I{lefj}67%} < KOB [e™].

So, by (50) and Proposition 3.3,

iO:E [I{f<?,T6[T1,T2]}I{T1:Tj}(J(x; C)— J(:r,a))]

Jj=1
< KSV(5,¢) S, E [e 7] (71)
< &
Using (65)—(71) with o = 1/5, and so 1/ (1 — ) = 5/4 < 3/2, we get the result. [ ]



