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A. Large Outside Option

This Appendix generalizes the model by assuming the agent has a large outside
option. We start by assuming the agent is either rational and his outside option
satisfies @ > @y or displays overprecision and his outside option satisfies @ € (1, us].
Next, we assume the agent displays overestimation and his outside option satisfies
4 > . Finally, we assume the agent displays overprecision and his outside option
satisfies 4 > 3. Note that the thresholds s and @3 are not independent of the bias,

and they are therefore, agent-specific Our first result generalizes the BPE contract.

Lemma 23. When @ € (uy, us], the APE satisfies the (PC) while the BPE wviolates
it.
Proof. To see that the BPE violates the (PC) simply compute:
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Hence any value above 1, violates the (PC'). As for the APE, notice that
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To conclude the proof we need to show that it is indeed the case that uy > 4
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which is trivially true.? g
Proposition 6. When u > uy, then the principal offers a rational agent a General-

ized BPE (GBPE) contract w},, ¢, given by:

kL ok Sk ok Sk ok Sk ok AV Pyy
Wyq = Caq Wey = Caa Wyu = Cyu Wy = Caq + AT ¢ Paa
~x __ AV ~k Sk ok e ok

Coa = AT, + Cou  Cou = Caa Cyy = U — UL Cyy = Cpyy-

When u € (uy,us], then the principal offers an agent who displays overprecision

29Notice that denominator Paul"f + puu (Paa — Ff ) is also weak1y~p0§itive. To see this, notice
— P,,. Finally,

that it is decreasing in Ff . At the maximum value of Ff it equals P,q Py + P

notice that min (Paalsuu + Pau — Puu) = Jsaa + ]5au —1=0.



either an APFE contract or the GBPE contract. The GBPE contract has the same

properties of the BPE contract and converges to the latter as u — uy.

Proof. To prove this proposition, we are going to show first that the GBPE is the
only optimal contract when case (i) of Lemma 6 is assumed. From the analysis in the
paper we know that the APE is the only optimal contract under cases (i) of Lemma
5 and (ii) of Lemma 6. We then prove that no feasible contract is possible under
case (ii) of both Lemmas when @ € (1, p]. This concludes the set of possible cases

and leaves only the APE and the GBPE as potentially optimal contracts.

Part 1 Case (i) of Lemma 6.

Under case (i) of Lemma 6, it must be that:
Caa = Cau and Cuu = Cua-
First, we rearrange the (PC):
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Similarly, we can rearrange the (IC) as:
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ts
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ts
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Caa 2 5 + Cuu-

AT,

We then draw these new versions of the (IC) and (PC) in (¢yuu, Caa) space to study

which one is tighter. To do so, notice the following:

1. the (PC) is negatively sloped;

a+V () |
and o

2. the intercept of the (PC) with the cq.-axis is given by “5r—;

3. contracts that lie on and above the locus of points satisfying the (PC') with

equality satisfy the constraint;

4. the (IC) is positively sloped with slope 1;

AV,

5. the intercept of the (IC) with the c,,-axis is given by AT

6. contracts that lie on and above the locus of points satisfying the (IC') with

equality satisfy the constraint;

7. Since u € (U1, us) the intercept of the (IC') with the cyq-axis is lower than the



one of the (PC). To see this, calculate
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which corresponds to u > u;.

With these in mind, we can produce Figure 5.

Caa
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Figure 5: Contracts lying in the shaded area satisfy both the (PC') and the (IC)
under case (i) of Lemma 6.

In the figure, all contracts lying in the shaded area satisfy both the (PC) and the
(1C). Recall that the (T'R4) constraints are trivially solved, since we are in case (i)

of Lemma 6. This immediately calls for an observation.



Lemma 24. When c,q = Cqu aNd Cyy = Cua, the optimal contract features c,q > Cy.

Proof. In Figure 5, the shaded area always lies above the 45 degree line. This is
because the (/C') has slope 1 but an intercept larger than the 45 degree line (unless
AV <0, which we rule out). B

As for the wy,, of course, we can either be in case (i) or (ii) of Lemma 5. That
is, either:

(case (1)) Wyg = Waq and  Way = Wyy

or

(case (ii)) Wyq > Wae and  Way > Wiy-
Assume we are in case (i). Under wy, = Wqq and wg, = Wy, the principal is left

with minimizing the following cost function

min waa(”ygl + ")/5;) + wuu(")/cfi + %ZL)?

Waa,Wuu

subject to the (L L) constraints. Given the cases we are studying, these constraints

imply

Waq = Caay Waq = Wuya > Cuu; Wyy > Cuuy Wyy = Way > Caa

and therefore they yield
Waq 2 maX{Caa; Cuu} = Cqq Wyy 2 maX{Caaa Cuu} = Cqa-
All this means that, under case (i) of both Lemmas, the principal solves

min waa(vg -+ '75;) + wuu(’)/ﬂ + Viﬁ)

Waa,Wuu

St Wag = Cag AN Wyy > Caa,

which is trivially solved by setting w,, = wy, = c4q and setting the contract that
minimizes ¢,, among the ones that satisfy the (PC) and the (IC). That is, point H



in Figure 3. To derive the final values of the optimal contract under case (i) of both
Lemmas, we set the RHS of the (PC) and (IC) equal and solve for c,,.
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which consistently with our findings converges to 0 as @ — ;.
We can then substitute the above in the (PC) to get ¢4, and finalize the contract
values. This leads to the following contract:

Waa = Caa Way = Caa Wyu = Caqa Wya = Caa

_ AV — — g 4 yehrd-vornrg —
Caa = AT, + Cuu Cau = Caa Cyy = U + aApa “ Cua = Cyu-

where the principal pays a fixed wage.

Now we move to case (ii) of Lemma 5. First of all, notice that, because of the
Lemma above, we can disregard (LL,,) since we have wy,, > Waa > Caa > Cuy = Cua-
On the other end, (LL,,) cannot be disregarded just yet, since we haven’t derived
the result of max{wyu, caa}. When setting wages that satisfy case (ii) of Lemma 5,

the principal solves:

min - WVl + Wau VoA Waa VL + Wu Y
{thths}t,se{u,a}
Waa Yot + WauYh, < Wy Y + wy v
Waa = Caa

Wyy = Cyu

wau Z Caa

Lemma 25. Given case (i) of Lemma 6 and case (ii) of Lemma 5, at optimum the



(LLgy) binds and wqq = Caq-

Proof. Suppose not, then the principal can decrease both w,, and w,, by the same
amount, this has no effect on the (T'Rp) constraints and it decreases the objective

function. Hence, (LL,,) cannot be slack at optimum. §

Rewriting the two (T'Rp) constraints, the principal now solves:

. H H H H
min CaaVaq —+ wau’yau+wua’yua + Wy Yoy
{wts,cts}e,se{u,a)

o V2
(wau - wuu)% S (wua - Caa) S (wau - wuu)%
aa ua

Wyy 2 Cyu

Wan, Z Caa

Lemma 26. Given case (i) of Lemma 6 and case (ii) of Lemma 5, constraints (LL,,)

and (LLgy,) bind at optimum.

Proof. Suppose not, and both constraints hold with inequality at optimum, then the
principal can decrease both w,, and w,,, keeping their difference constant so that
(T'Rp) is not affected, reducing the objective function. This, however, is not enough
to prove the lemma. We need to show that even if only one of the two binds the
other cannot be slack.

Suppose only (LL,,,) binds, while (LL,,) does not, then the principal can decrease
both wg, and w,, in such a way that (T'Rp) still holds, decreasing the objective
function. This is always possible, since both wages have positive signs in (T'Rp).

Suppose now only (LL,,) binds, while (LL,,) does not, then the proof is a bit
trickier since decreasing both wy, and w,, tightens the (T'R%). Suppose the latter
binds, the principal can decrease w,, by € and increase w,, by ¢, = e%. This has

no effect on the (T'R%), but it affects the objective function. To see that the overall



effect on costs is negative, let it be denoted by AC and calculate

H.H . H.H
AC = —Efy’i{u + El%ﬁ — _6(7uu7aa H’-Yau’yua) < 0
’Yaa

This concludes the proof. g

Given the above, the principal is left with

: H H H H
min Caa (’Yaa + Vau)—i_wuafyua + CUU’Yuu
{wtsvctS}t,SE{u,a}
H H
Yau Yuu
(Caa - cuu) H S (wua - Caa) S (Caa - Cuu) H
aa ua

where it is easy to see that, since the first and the last element of (T'Rp) are different
from 0, we need wy, > ¢4 for (T'Rp) to hold. Now notice that the first inequality of
(TRp) corresponds to (T'R%).

Lemma 27. Given case (i) of Lemma 6 and case (ii) of Lemma 5, at optimum
(T'R%) binds. Hence
]

H
aa

Wyg = Caq T (Caa - Cuu)

Proof. Suppose not, by decreasing w,, the principal decreases the objective function
and relaxes (T'R}). 1

The final form of the problem that the principal solves is therefore

H _ H H _ H
min ceq (vfa + Yaw + Yoa + —7“;‘3““) + Cun (vfu - —7“;‘;““)
= N Cao (Yoo Vaa + Voo Vau T VaaVua T VouVua)  Cun (Vo Yoa = Vo Vo)

with ¢,, and ¢,, that have to lie inside the shaded area of Figure 5.
Since both ¢,, and c¢,, enter negatively in the objective function, the cost of
implementing high effort decreases towards the origin in Figure 5. This implies

that the optimal contract for this case is either at point H or it corresponds to the



intercept of the (PC') with the cqq-axis. The next Lemma solves this dilemma and
shows how the optimal contract for this case, the GBPE one, also dominates the

contract derived under case (i) of both Lemmas.

Lemma 28. Given case (i) of Lemma 6, the optimal contract is the GBPE contract.

Proof. We start from showing that the optimal contract under case (ii) of Lemma 5
lies at H. To see this, notice that iso-costs decrease in value towards the origin in
Figure 3. Hence, if they are flatter than the (PC'), the contract minimising costs lies

at H. The absolute value of the slope of the iso-costs is given by:

VEAE — AHAE
VEAE + EAE + B+ AEAE
(PuuPaa — PauPua)THTH
PaaPoa(TH)? + PugPou(TH)? + Poy Py THETH + Py P THTH
B (Pao — Pua)TH (P — Pu)(1=TH)
 PulH(Paa + Pau) + Puall (Pag + Pau)  Paall + Puu(1—TH)

The absolute value of the slope of the (PC), instead, is given by LT To see

v

that the latter is always larger than the former, calculate

(P — Pu)(1 —TH) - 1-T4
P, TH 4+ P, (1 —TH) i
P, 2 — p,TH

P, TH 4+ P, (1 —TH)

P - p, % < p 74P, (1-TH),

<1

which is trivially true. Hence, the optimal contract for this case always lies at

point H. Following the same calculations of case (i) of Lemma 5, we then get the

values of ¢4, and c¢,,. To obtain the value of w,,, substitute for c,, = 4 — AA—KZ in
H
Wyg = Caa T (caa - Cuu)z,;}};:
n AV 42 n AV P, I’ N AV P,
Wya = Caa Caa — Caa — 15— = Cqa e = Caa N .
AT, ) ~H AT, P, T AT, P,
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To conclude the proof, we need to show that the cost of implementing high effort,
i.e. E(w), is lower under the GBPE contract compared to the one of case (i) of
Lemma 5. First of all, notice that the latter is equal to c,,, since the wage is
constant, and that c,, takes the same value in both contracts. We then check for

AV P,
Caa'ygl + Caa7£ + Cuu7$ + (Caa + E Pa ) 71111 < Caa

AV (P,
Caa (Yaa + Yau T Yao + Yau) T35 (P—%ﬁ - vfi) < Ca

AV

AT D PauPua_PaaPuu FH<07
AFaPaa( )Ly

which is true by positive correlation. g

Part 2 Case (ii) of both Lemmas.

We are now left to show that no feasible contract emerges from case (ii) of both
Lemmas. The reason for doing so is that the GBPE is optimal for a smaller set
of parameter values compared to the BPE, since it is more expensive. Call P the
difference between this set and the one under which the BPE is optimal when @ < ;.
We are looking for any potentially optimal contract that differs structurally from the
APE and could be optimal in P. If we were to find none, we would be sure that the
APE is optimal in P.3°

Given the Lemmas, we have

Cuu > Cua7 Caa > Cau a‘nd wua > waa; wau > wuu

30This is due to the different approach taken to derive the optimal contracts under the assumption
that @ < @;. Under the latter, we haven’t studied the problem assuming specific cases of Lemmas 6
and 5, we have not proven yet that the APE is the only feasible contract under case (ii) of Lemma
6, but only that it is optimal w.r.t. the BPE under a certain parameter restriction.
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Hence, the problem solved by the principal is the starting one.

: H H H H
min waa’}/aa + wau,yau_’_wua’y'u‘a + wuu/yuu
{wtmcts}t,se{u,a}

s.t. thﬂg — V() >u
ts
Y e =V =D adn -V
ts ts

Waa Y 4+ Wau Y, < Wy Y + wyu v
wua%{{l + wuufyi S waa’yqf{; + wau’YﬁL
Caa Vi + CuaVE > CanVE + CnVE,
CauT + Cou Vi > CaaVi + Cua ¥,

Wts Z Cts Z 0 \V/t,S G{CL,U}.

First of all, notice that at least one of the (T'Rp) constraints must bind. If this

were not the case, then the (LL;s) would be the only constraints on the wy,. Clearly

these would then be set binding. This violates Lemma 7 and the resulting contract

would never implement high effort under truthful reporting. We, therefore, divide

the analysis in two sections depending on which one of the (T'Rp) binds.
Let the (TR%) bind. We can then solve the (T'R%) for wa,v to get

H H H
WauY gy = WuuVay + (wua - waa)ﬁ)/aa'

When we plug this back into the objective function we get

waa”Yfa + wauﬁyg + wua'}/fa + wuu#}éﬂ = Wy ('Yé{u + 71{—2) T Wyq (752 + 75{1)

From the (PC') binding, we know that

Caa = ~H ('L_L + V()\H) - Cau:}/aHu - C“ai/’l{{l - cuu:y'fu) )

12



which plugged back into the (/C') yields

AV ~ ~
i+ V) = 5o > waPua + P

The resulting maximization problem is given by

{wts’cgitze{u’a} Wau (Ve + Vi) + Waa (Vo + Vo) (31)
st. a4+ V() - ﬁgfa TH > yoPua + cuuPun (1C)

CaaVih + Cua Tty > Cauoy + Cuu Vi (TRY)

Cau Vs, F Cuon V> CaaVoty + Cua Vo, (TRY)

Wy > Cyy > 0 (LLuw)

Wya > Cyq > 0. (LLua)

By case (ii) of Lemma 6, we know that the (T'R4) will not bind together. Suppose
one of them binds, we can plug ¢, into it and solve for c,,, removing the (T'R4)
constraints from the problem. At this point, in the problem above, (LL,,) and
(LL,,) are set binding since they are the only constraints on the relevant wages.
This implies that the objective function is minimized at ¢,, = c,, = 0. This is
incompatible with case (ii) of Lemma 6. Suppose no (T'R4) constraint binds, we
have the same solution, since the (T'R,4) are completely disregarded, and therefore
the same contradiction. Hence, there exists no optimal contract for this case when
the (T'R$) binds.

Let the (T'RY%) bind. The proof is a little more tricky. As above, solve the (T'R})
for wy, v to get

H H H
Wy Yy, = WauVyu + (waa - wua)/yua'

When we plug this back into the objective function we get

waa'ygz + wau%ﬁb + wua%ﬁ + wuumﬁ = Waa (’7{1{1 + 'Ygz) + Wauy (75; + 75Iu)

13



From the (PC'), we know that

Cuw = =7 (W + VN = cauVE, — cuaVll — caa¥E) -
Pyuu
When we plug this into the (IC') we obtain

AV - .
u+ V()\H) + AT FUH < CoaPaa + CouPou.-

Differently from above, we first are going to assume that a (T'R4) binds. Suppose it
is the (T'RY), and solve it for

Cua’?gj = Cuu’?gj - (Caa - Cau)’?gf
Substituting for ¢, from the (PC'), we obtain

a4+ V() — ¢, T2
Cua = i .

If instead of the (T'RY) we set the (T'R%) binding, and still solve for ¢,,, and ¢,, from
the (T'R%) and the (PC') constraint, we get

u+ V) —c,TH
Cuu = TH y

1 ~ ~ ~
Cua = = [(a + VA")) Pua + cau(Paa — Pua)TL — caﬁi] :

which leads to the symmetric problem. Hence, regardless of the (T'R4) set binding,

14



the principal faces

min - Waa(Yey + Van) + Wau(Ve, + Vim) (32)
{wfsfcfs}t,se{u,a}
AV ~ ~
st. a4+ V) + AT I < coolPoa + CauPau (1C)
Waq Z Caa Z 0 (LL(MI)
Way Z Cau 2 0 (LLau)

where it is immediate to see that the (LL,,) and (LLg,) bind. Following this, also
the (/C') must bind. We, therefore, solve it for ¢,, to get
_AVE) e+ V) P

— Cau=

Caqa = = .
Ara Paa Paa Paa

We can then plug this into the objective function to obtain

ot

au

Paa

(a fixed positive term) — ¢,y (’ygl + ’yf‘;) — (’yﬁi + %ﬁ)
To see that the coefficient of ¢, is always positive, notice that the bracket is

always negative:

(024 + ) 22 = (3 + 1)

aa

= PauPaaFf + PauPuaFuH - PaupaaFaH - PuuPaaFuH - ba(’yg + /752 + 7; + ’Yi)
= Py Pl — PPl — b, = (Pyy — Pu)TH — b, <0.

Hence, the principal sets ¢y, = 0 to minimize the objective function. This is enough
to prove our contradiction. Notice, in fact, that given c,, and c,, = Wy,, from the
(T'RY%) we have that

Wy = (waa - wua)_

15



which is > 0 if and only if w,, < w,,. This violate case (ii) of Lemma 5, and shows
that there cannot be an optimal contract where one of the (T'R,) binds.

To conclude the proof, we need to show that no optimal contract exists when
both the (T'R4) are slack. Problem (32) above, however, still holds when the (T'Ry4)
are disregarded. The solution follows the same steps above and leads, therefore, to
Cou = 0 and to the same contradiction.

This concludes the proof of part 2 and of Proposition 6.

When the principal finds the BPE contract optimal and the GBPE contract is
available, it must be that the expected wage of the GBPE contract is larger. On the
other hand, its competitor for optimality, the APE, hasn’t changed in structure, and

therefore in expected wage cost. This allows us to state the following Corollary.

Lemma 29. When u € (uy, us), the APE is optimal for at least all parameter values

under which it is optimal when 4 < ;.

Hence for intermediate outside option values, the APE contract becomes rela-
tively more attractive than the GBPE contract. This is due to the fact that the
APE contract relaxes the participation constraint, which holds under the GBPE

one.

Proof. The proof follows from the text. The expected wage cost of the APE contract
hasn’t changed from the case of u < @, while the expected wage cost of the GBPE
one is given by

E(@;,) = a4+ V() + e
and it is larger than the expected wage cost of the BPE contract when u > .
Hence, the comparison between the APE contract and the GBPE one ends in favor

of the APE contract for a larger — at least weakly — set of parameters compared
to the case of the BPE vs. the APE contract. &

Proposition 3 showed that there are situations where the APE contract does in

fact, taking the perspective of an outside observer, raise the agent’s expected com-

16



pensation leading to a Pareto improvement compared to the BPE contract. Given
Lemma 29, we know not only that Proposition 3 still holds in the case of the APE vs.
the GBPE contract, but that it may even hold for a larger portion of the parameter
space. Hence, an outside option utility such that @ € (g, us] reinforces (at least

weakly) the welfare result on the Pareto dominance of the APE.

Proposition 7. When u > s, then the principal offers an agent who displays over-

; ; P .
estimation a contract w;,, ¢;, given by:

77O

g 710 =0 e
waa

— o AV P
av = Caa uu T Cuu Wya = Caa + Af*aé:;

o _ AV ~o o _ %o o AV 1H H o _ o
Caa = AT, tCuw Cou = Caa  Cuuw = U — [Afa Fa o v<)\ ) Cua = Cuu-

— =
= Caa w

This contract converges to contract in Proposition 2 as u — Us.

Proof. The proof is similar to that of Proposition 6.

We now let the outside option of an agent who displays overprecision be larger
than us. First of all, notice that the GBPE is feasible when @ > w3, while the APE

is no longer feasible, since it violates the (PC).

Proposition 8. Let u > ug.

1) If the agent displays overprecision and his beliefs violate condition (40) and sat-
isfy condition (42), then the principal offers the agent a Generalized APE contract,
GAPE 1, given by:

o=t I I I

waa caa wau - Cau wuu Cau w a Caa
ool 4 AV et oo—at 4 AV e,

aa ua AFU« "?ﬁt“'Puu(Paa_FgI) au ua AFG ;?gt“'Puu(Paa_F(Ij)
oot & o—u—

Cuu = Cau Cyg = U — U3

17



where the (PC) and (IC) bind together. Contract GAPE, has the same properties

as an APE and converges to the latter as u — us.

2) If the agent’s bias satisfies conditions (40) and (41), then the principal offers the
agent a GAPE, contract given by:

~-i-/ _ N.'./ NT/ _ N.i./ NT/ _ N.i./ ~Tl o NT/
waa - caa wau - Cau wuu - Cau wua - Caa
! ’ 5 H ! ’EL+V()\H) P, Y oy Y
do=ch (14 2) =000 =

Yau (’Yau"'_’Yuu)

where the (PC) binds but the (IC) is slack.

Proof. First, note that the derivation of the optimality of the GBPE contract under
case (i) of Lemma 6 does not depend on @ being larger or smaller than u,. Hence,
once again we focus our attention on case (ii) of Lemma 6. Second, our analysis of
cases (ii) of both Lemmas in the proof of Proposition 5 also does not depend on the
value of @ being larger or smaller than @,. Hence we are left simply with case (i)
of Lemma 5 and (ii) of Lemma 6. Any optimal contract besides the GBPE must
respect these features. This proves that any GAPE contract uses information from
SPE reports in the same fashion of the APE contract.

The rest of this appendix is the proof of Proposition 6. As this is quite long, it
is split into several parts. First, focusing on case (i) of Lemma 5 we solve for the
optimal wys (Lemma 30). Second, we use that to rewrite the problem and prove
that at optimum, c¢,, > ¢y, (Lemma 31). Third, we use a different rewriting of
the problem to show that, at optimum, ¢y, = ¢y, (Lemma 32). The proof of this
second result is itself divided in two parts: part 1, where we show that c,, > cu
leads to a contradiction, and part 2, where we show that also ¢,, < ¢4, leads to
unfeasible contracts. Fourth, we state the final form of the problem in (38) and
show graphically the potential solutions to it (Figure 8 to 10). Fifth, we select the
contracts that are indeed optimal under certain parameter conditions (Lemma 33).

Finally, we derive the values for GAPE; and GAPE; together with their feasibility

18



and optimality conditions (Lemmas 34 and 35).
Under case (i) of Lemma 5 and (ii) of Lemma 6, the principal faces the following
problem (where the (T'Rp) are trivially solved and we reduced the (LL) to only

two constraints)

min Waa(VE 4+ vt w (v + )

{’LUts;Cts}t,s€{u,a}
vt et V) 2 g

ts

D Ay, —AV >0

ts
~H ~H ~H ~H
Caa/YQa + CUG/Yua Z Cau’}/aa + Cuu’yua
~H ~H ~H ~H
Cauryau + Cuufyuu Z Caa’)/au + Cuafyuu
Wag = max{caa, Cua}

Wy > MAX Cauy Cyn- }

Given that u > us, and that the BPE and the APE contracts are the only optimal
one resulting from the (PC') being slack, we set the (PC') binding and use it to rewrite

the (T'R4) constraints. First, solve for
CaaTan = U+ V) = Canan = CuaVrn = CunTon
and plug this into the (T'R%) to obtain
u+ V(AT > e T8 + e, I
Similarly, solve the (PC') for

Cauﬁ/i =u+ V()‘H> - Caa:yc{{a - Cuaﬁ/gu - Cuuaﬁt

19



and plug this into the (T'RY) to obtain
-+ V) > ol + el
This allows us to rewrite the problem as

min Waa (’75{1 + /}/ﬂ)"f_wuu (,ng, + 7’5’2)
{wtsvcfs}t,se{u,a}

s.t. Caa/?aHa + Cau&i + Cuai/gz + Cuuiz{i =u+ V()‘H)
DAY, —AV >0

ts
a+ VO > 4 ¢, 17
u+ VAT >co T 4 ¢, TH
Waq > Max{Caq, Cua }

Wy > max{Cau, Cuu
Lemma 30. When u > 1y, given case (i) of Lemma 6 and case (i) of Lemma 5
Waa = max{caaa Cua} Wy = maX{Cmu Cuu}

Proof. Given case (i) of Lemma 5, the (T'Rp) are trivially satisfied. Both w,, and
Wy, affect the cost negatively and therefore the principal has the incentive to decrease
them as much as she can. Since the (LL;s) are the only constraints on wages, they

are set binding. 1§
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Let us rearrange the problem using the optimal w;, derived.

( }min max{caaa Cua}(7gz + '751)"’_ maX{Cam Cuu}(%ﬁ + 'Vﬂ)
Ctsit,s€{u,a}

S.t. Caa’?gz —f- cauﬁi ‘I’ Cua’?ﬁ{z + Cuu’?uHu =u + V()‘H)
D Ay, —AV >0

ts
a+ VO > ' 4 ¢, 1
u+ VAT >coTH 4 ¢, , TH

Lemma 31. When u > uq, given case (i) of Lemma 6 and case (i) of Lemma 5,
Caa = Cua-
Proof. Suppose not, then ¢,, — c,, = X > 0. The principal can then increase c,, by

~H
Vua

X—
FE + 55

€

and decrease ¢,, by (X — €). This strictly increases profits, since by assumption c,,
does not enter the cost function.

First of all, notice that e is picked in such a way that it leaves the (PC') binding.
The change to the LHS of the (PC) is in fact:

A (X — F = (L 4 5y x5H = xyH _ xaH ),

Now let’s check that this satisfies all other constraints. Start by the (/C). Since
AFE <0 and A7,, > 0, the (IC) is relaxed by this deviation.
Now consider the (T'RY). The change to its RHS has to be weakly negative. This
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happens when

T — (X -l <0
e— XTH <0 = e<XTH

To see that this holds, notice that

~H
,}/’U,CL < F,L}LI

which is true by positive perceived correlation. This concludes the proof since neither

Caa NOT Cyq enter (TRY). 1

Before going ahead we are going to rewrite the problem in a more convenient

way. From the (PC), we substitute for

1 - - -
Caa = ~H (ﬂ + V<)‘H) - Cau,ygj, - Cu‘l,y?]i{l B Cuu’}/qﬂ)

Vaa

in all the constraints and the objective function. The (T'R%) does not change from

the above. The (IC') becomes

CtSA,s/ts — AV Z 0
2L (ﬂ + V(AH) - Cau:)/éi - Cuaﬁ/{i - Cuuﬁ/ﬁt) + CaullDYay T CuaDVya + CunDVpy — AV 20

vy
~ ~ AFQ ~ - AFa
Cau (A’Vau - ’Yir_H> + Cua (A7ua - 752 TH )
- g AT, ATy ,
n (M0 = H ) + o (@4 VOND) 2 AV,
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where the coefficients of each ¢;5 can be rearranged as

which is equal to 0 if ¢ = a and to

~ Al ~ Al - Al Al
H _ H u _ u H HY _ u
Pus (AF Fu H ) == Pus (AFU + Fu (11{ ) == PUS—aH (Fa -+ Fu) == Pus 5

otherwise. This gives us

_ AT, . AT, AT,
CuapuaF_H Cuu uuF_H FH

“(u+v(AT) = Av

— CuaPua ATy — Cou P AT, + AT, (@ + V(AT)) > AVTEH
AV

FH
AL,

i+ V") ~ cuaPus — CunPuu >

Consider the (T'RY) in its standard form and substitute for ¢, from the (PC) to

obtain

~H ~H ~H ~H
Cau’Yau _I_ Cuuf}/uu Z Caa’)/au + Cua’yuu

Cau:}/gL + Cuu:ﬂﬂ > (a + VO‘H) - Caufs/g; - Cua:Yﬁz - Cuu:YﬁL) =— 1 CuaVyu

pau ~ ~ Pau
Can Vo ( Z ) + Cun T (1 + ) ~ Cua (7% T | 25 (@+ VD)
’yau ’yuu FUH D D D D ﬁau — H
Cou = +c Cun—= — Cua = <PuuPaa - PuaPau> Z ~ (U, + V()\ ))
Paa Paa Paa Paa

Caui/fi + Cuu%{u — Cua (Pazz - Pua) Ff > (ﬂ + V()\H)) Pau‘
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Finally, we need to rearrange the objective function.

Caa (75{1 + 75;) + max{cauw Cuu}(%ﬁ + '75;)

L - - -
= ZH (u + V()\H) - Cauvi - Cuaf}/fa - cuuf}/i{u) (751 + fY{L{a) + maX{Cauu CUU}(W{EL + ’Y’lIL{L)

aaq

OC Max{ Cau, CUU}(’Y{EL =+ '711):7(11-2 - ('ng + 752) (Cazﬁ/i + Cuaiﬂ + Cuu:qu)

We can now rewrite the problem.

( }min max{cay, Cuu}('yﬂ + ’Y’lllft);yi - (%{{z + ’Vvﬁz) (Caufygl + Cua’?fa + Cuur?fu)
Ctsst,s€{u,a}

(33)
~ . AV
s.t. U+ V(AH) - CuaPua - CuuPuu > _Ff (IC)
AT,
u+ V) > ey + el (TRY,)
Caua/il + Cuu:YfL — Cua (ﬁaa - pua) FuH > (’L_L + V()\H)) pau (TR%)

Lemma 32. When @ > ug, given case (i) of Lemma 6 and case (i) of Lemma 5,

Cau = Cyu-

Proof. We first prove that assuming c,, > ¢4, leads to a contradiction. Then we

prove the same for the case of ¢, > Cyuy.

PART 1: suppose cyy > Cqu We are going to show that all possible optimal

contracts emerging from this case contradict this assumption. The new problem
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would be

o i (V2 + ) AE — (V& +viDAim] — (G +4E) (cua¥E + can¥E)
Ctsft,s€{u,a}

~ - AV
s.t. u + V(/\H) - cuaPua - CuuPuu Z _Fg (IO)
AL,
i+ VAT > ol + (TR%)
Cau Vi, + Cun Vi — Cua (Paa — Pua> I > (a4 V() By, (TRY)

where the coefficient of ¢, in the objective function
(Yawe + V) Tan — (Voo + Vi) Ve

is of no clear sign. We start by assuming it is positive.

It is obvious to see that the (T'R%) binds. Suppose it did not, then the principal
could increase c¢,, enough for it to do so. As a consequence of this change, the
objective function would be decreased, the (T'RY) relaxed and the (/C') unaffected.

Hence we can solve (T'R%) for cq,
Caw = =7 (W + VAT — ¢, T
Plugging this into the objective function yields

Cuu [(Ve + VEVVE — (VE + DAL — (V8 + L) (cuadih + canVEL)
=cuu [(VE, + V)AL — (W + A ]

~H
— (v + i) [cmfj’a + Ja (g () - cuuPH)]
o<Cuu [(VE, + VEVAE — (V8 +AE)AE] — (v 4+ L) [cmffa — Pyuca ]
—cun [V, + V)AL = (38 4+ 95) (3, = BuT) | = (08 + 9w,

—cun | (vl + VA = (AT (P = Pua) | = Gl 4+ 95w (34)
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Since we assumed
(Yo + Vo) Vam — (o, + V) Vs > 0,
it is immediate to see how
(vt + V)38, — (o + )T (P = Pou) >0,
given that &fu < '~qu — I‘f pau = FuH (Puu — Pau> Hence, the principal’s objective is

still to decrease ¢, and increase c,,.

We now plug the value for ¢,, into the (T'RY).

~H
% (l_L + V( )\H — cqu‘H) + Cuu”)/uu — Cua (Paa — Pua) Ff > (a + V()\H)) p,,
(w+ V(A1) ( u) i — Py ¢, (Pm _ PM> I >0

Cuu(Puu - au>FH — Cua (paa - pua Fi{ Z 0

N———

where we used the fact that (P, — Poy) = (1 — Py — 1 + Poy) = (Pag — Pua).

The new (T'RY) and the (IC) can then be plotted in Figure 6 below. Contracts
that satisfy all constraints must lie above the (T'RY) line and below the (/C') one.

By the analysis above, isocosts are positively sloped and decrease in value towards
the bottom right of Figure 6. This implies that, depending on the relative slope of
the isocosts and the (T'RY), the optimal contract for this case lies either at point A
or B.3! Both of these points, however, contradict the assumption that c,, > cqu.

To see why A contradicts the assumption, simply notice that, at A, ¢,, = 0 and
therefore it cannot be ¢y, > ¢4 > 0.

To see why also point B contradicts our assumption, we can solve for the optimal

310r any linear combination fo the two when the slopes exactly coincide.

26



C'ILU

(TR%)

(IC)

A

Cua

Figure 6: Contracts lying in the shaded area satisfy all constraints when c,, > 4.

Cuu a0d Cqy. At B, we have that ¢,, = ¢,,. Hence we solve for ¢, in the (IC') to get

AV FH.

Cuu:a"i_v()‘H)_E “

While we can prove that the above is always positive, notice that plugging this value

in the formula for ¢, yields

1 AV
Con =p {a + V() - {a+ V(AT — —Fff} Pf}

AT,
1 AV
=— |[(a+VOH)) 1 -TH —71Hr"
I‘é{ (U+ ( >)< U+Ara a - u
ra
AV AV
& H 2V pH S - H _ 2V rH _ .
u+ V(A )+AFaFu > u+ V(A7) AFQF“ Cun
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This proves that, when
(Yau  Yau)Vaa = (Vaa + Yua) Ve > 0,

Cqay must be larger or equal than c¢,,. We are now going to prove the same for the
opposite case.

Start again from the problem

i cun [0 YV — O+ )] = O+ 718 (Tl + i)
Ctsjt,sc{u,a}

- - A
s.t. u+ V(AH> - CuaPua - CuuPuu Z _Vrf (IC)
AT,
-+ V(/\H) > cauff + CWF{L{ (TR%)
Cauﬁ/i + Cuuﬁ/gj, — Cua <paa - pu“) FY];I 2 (ﬂ + V()\H)) pau (TRZ)

and suppose now that the coefficient of ¢,, is negative. That is,

(VE +AEVAE — (v + 4078 <.

First of all, notice that the (T'R%) still binds, since the discussion above still
holds. This implies that we can solve for ¢,, again and substitute it in the objective
function and other constraints, exactly as we did above. Now, however, the new
coefficient of ¢, featured in the new objective function may itself be positive or
negative. Suppose it is positive, then the problem is exactly the same as above and
the proof for the case of (v + ~2)y1 — (v +~H)3H > 0 holds.

Things change when the new coefficient is still negative. That is, when
(vt VA = Ol 4 7D (P = Pu) < 0
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In this case, while the contracts that satisfy all constraints are still the ones in the
shaded area of Figure 6, the isocosts now decrease in value towards the top right
corner. Hence, depending on the relative slope of isocosts and (IC'), the optimal
contract lies either at point B or C' of the Figure. We have already shown how point
B contradicts ¢, > cq,. Instead of checking that the same is true for point C, we are
going to show that this point is never an equilibrium and that B is the sole optimal
contract for this case. To do so, we show that the isocosts are always strictly steeper
than the (/C') when

(v +vaAE — (V2 + Y (Puu - F’au) <0.

The slope of the (IC) is given by %. The one of the isocosts, according to the
new objective function (34), is given by
(Yot + Vo) Vo
(VL + VL3, — (3 + YT (P = P

The optimal contract lies at point C' iff
a (Yaa + Vi) Vo
v (VLA — A+ AT (P = Pan)

:z;Uz
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To see that the above never holds calculate

. s (Yaa + Vi) Vua
(A = A+ A (P — P
(Yot + Vo) T ot Paa = (vl 20T (Puu - Pau) Py > (V2 + v PuT Y P,
(ot + V)3 Pra = (0 + 7 L2) [ Pual 2! (Paw = P + PraPruaTl| 2 0
(Yaw + Vaw) Van — (Vo + V) [FUH (Puu - F’au) f’uuFUH] >0

( )

Vo o)L — (VE + Y (215 ~P u) >0,

@z:’“Uz

which is never true since we are in the case of
(8L + A8 = (3l AT (P = Pa) <0,
and TV (mu - ﬁau> > TH (pw - pau).

This concludes the proof of Part 1 by showing that all potentially optimal con-

tracts resulting from the assumption that c,, > ¢4, in (33) actually feature cq, >

Cuu-
PART 2: suppose ¢4y > Cyw  We start by re-stating the problem

‘ }min Caurf [(Paa — Pua) lej + ba} - (751 + 751) (Cua:yfa + cuu:}/fju) (35)
Ctsft,s€{u,a}

i . AV
AT,

u+ V(AN > el + el (TRY)

Cahy + cuith, = ua (Paa = Pua) T > (a4 VD)) Py, (T13).

We then can see that the (T'RY%) binds. Suppose not. The principal can decrease
Cau Dy an € such that ¢,y > ¢y, is preserved. This does not affect the (IC), it relaxes

the (T'RY) and decreases the objective function.
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We can now solve for ¢,, from the (TRY) to get

1 N N 3
Cow == [(a + V) Pa = Caai, + Cua (Paa _ PM> rﬂ
Hou
@+ Vo)  af (P Pu)TY
:F—H — CUU:Y—H —+ Cua "~YH

and plug it in the objective function to obtain the following:

;}/H (paa — pua> FUH
(ﬂ + V(AH)) - Cuu# + Cua p [(Paa - Pua) Ff + ba} +

- (75; + 751) (Cua:yqliz + Cuufs/{;lu) )

which is equivalent to minimizing

S (pw . pua) rH
_Cuup_uu + Cua ﬁ [(Paa - Pua) Fil + baj| _<’y£{1+715{z) (Cua;?uHa + cuuﬁ/i{u) .

Let us study the coefficients of ¢,, and c¢,, separately. Start from the coefficient

of ¢y, and recall that we obtained (P,, — P,.) T2 + b, from the simplification of
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(VE +yE)Poy — (Y + 42 P

1 Pau - Pua) (’yau + Vuu) - (fYGI,—(Il + ’)/i)ﬁau

(15 . 15 ) v
[(Paa - Pua) Ff + ba} - (,-y(ﬁ + 75{1)5/5[(1
( ~aa ﬁua) L 5 H Hy\zH
[ ’Vau + ’Yuu)P - (’Yaa + Vua)P ] (Vaa + ’7ua):yua

S ( Paa — u> [ Vau + Vo) Paa — (vih + '%Z)Pau} — (vih + 7ih) Pua P
= ( Naa ua) (f}/au + ’yuu - (f}/aa + 7ua> [(Paa - p’ua) pflu + puaﬁau
- ( ~aa pua) ( au + Wuu - (’Yaa + ’Yua>PauPaa
X < ~aa ua) ( au + ’yuu (’Yaa + ’yua)P

1 - > 7au+7uu>_PaU

puu('}/au + P}/uu) - pau'

This implies that the coefficient of ¢,, in the new objective function has no clear

sign. It is positive only if

ba Z Pau - (’Vﬂ + V{L{J)<Puu - bu) (36)
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The coefficient of ¢,,, instead, is always negative and it simplifies to

Paa_Pua F1I;I+ba~ ~
| ic) Vs = Vaw T Vo) Vo

au

— —M |:(Paa - Pua) Ffj + ba + (fygl + fy’lll«_{l)pau}
~H
= —M |:PaaFuH - Puarf _l_ ba + 7£Pau + /yiipau]
~H
= _% [Paarg - Puarfj + ba + PaaFaHPau + PuaFuHPau - ba(PaaFCIL{ + Puargﬂ
~H
N ‘;— PoTy = Pual'y/ (1 = Pau) + Paal'y Paw + ba (1 = Yag = Vuu)
au 'YEJ‘IWEL
~H
_ _% [PaalT = PoulH Py 4 PoaT P+ ba (2 4 711)]
~H
B ‘;— [Paalyf Puw + Paal'g P+ ba(an + V)]
5 Fin :
_ _%(ﬂ LY (Poy + by) = —#(%ﬁi + V) Paa-

Before re-writing the problem fully, let us calculate the new (T'RY).

F}/H <paa - pua) FuH
U+ VAT > (a+VA") = cou=2 + Cua _ + cuulH
Pau Pau
/S/H <Paa Pua) Ff
Cuu ( =t — D) > cuq -
Pau Pau
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Hence, the new problem for the case of ¢,, > ¢y, is given by

X FUH ~ H H 5 ’?uHu H H
mm - Cyg—=— (PuU(Vau + ’Vuu) - Pau) - CUUN_(’Yau + %u) (Paa + ba) (37)
{CtS}z,se{u,a} au Pau
- ~ AV
st @+ V) = CuaPua — CouPoy > T4 (1C)
AT,
Cyy Z Cua- (TR%)

We now represent the constraints and feasible contracts in Figure 7 below. In
the graph, contracts above the (T'R%) and below the (/C') satisfy all constraints (are
feasible). Recall, however, that we are in case (ii) of Lemma 6. Hence, all contracts
lying on the locus of points that sets the (T'R%) binding, although the lie in the
feasible set, if optimal, would contraddict c¢,, > Cuq.

Cuu

(TR%)

(IC)

A

CUCL

Figure 7: Contracts lying in the shaded area satisfy all constraints when ¢y, > cyy-
The ones lying on the (T'RY), however, violate case (ii) of Lemma 6.

Suppose (36) holds, then the objective function is minimized towards the top left

corner of the Figure. This, inevitably, yields as an optimal contract the one lying in
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point C'.

Suppose (36) fails, then the objective function is minimized towards the top right
corner of the Figure. If the isocosts are flatter than the (/C') then point C' lies on
an isocosts that features a lower cost than the one where B lies. The reverse is
true when the isocost is steeper. We are now going to show that at point C' the
assumption c,, > ¢y, is violated as well, leading to the desired contradiction.

At point C, ¢y, = 0 is trivial. ¢, comes from the (/C') binding and ¢, is derived
from

S (@ V) Py = e, + cua (Paa = Prua) TH|

au

(a+VAT)  a+ V) - SETE 50

_ o Juu
- P Vau
1 _ H = — H H A HpH
-5 {(@+ V") Py~ (a+ V") T 4 SETETH
1

———{(@+vo) (P -1l + AT}

We now derive the contradiction. Start by the following calculations

Cau > C'U/lL

(v ) (Ru-rtf)s esry G+ V) - SETY
Puu

Po TH
(@+ V() {ﬁuu(ﬁau —T) - Paurf] + 45Ty (ﬁwruﬂ + paurgf) >0
(u+ V(") [Puu(l — P —14+TH) Paurﬂ +Avr <15wp51 4 paupf> <0
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and notice that pauff + Puu(p(m — ') corresponds to the denominator of the first
component of &y, which is always positive.*? Hence, the sign of the inequality is not
trivial.

Let’s now substitute u for @y. We are going to show that, when this holds, the
inequality above fails. Hence, since the LHS is decreasing in u, for values larger than

Uy the inequality fails too. To see this, calculate

(@ V) [Pl 4 PP~ D]+ 8518 (BLLY 4 Boll) > 0

AV ri P, T 4 p,TH
Al'y * P,,I'H 4+ P, (P,, — T'H)

a

— VM) + V()\H)> | Puul 2+ Pu(Paa — T
+AvH (ﬁuurf + Paurf> >0
AV TH D H D H AV 1H D H D H
_ avpr (Pwru v PauFa> + AT (PWFU + Pwra> >0

which obviously fails. Hence, point C' violates our assumption and is ruled out.?3

This concludes the proof of this part and of the Lemma. g

32To see this calculate:

Puull + Pun(Pa = T2 = Pl + P =T = 14 Pao)
= Py T2 4 P T2 — Py Py = (1 = Pou) PuuT2 + P TH(1 - P,)
= Paapuurlf + ’?glupua > 0.

33Technically when the slopes of isocosts and (IC) are identical, any point lying on segment
CB is optimal. There could very well be a contract satisfying the assumption that cq, > cyuu
there. However, given that our parameters are continuous values, the probability of such an event
happening is zero. We therefore rule this case out.
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Given Lemma 32, we can derive the final version of the problem:

{ ]ynin{ Cun ((VE + 7 E)AE — (V& + ) (L +758)] — O + v cuai,  (38)
Ctsjt,sc{u,a
AV

b, @ HY _ ¢ P — H> o P
st. u+V(A") — cuaPua AFaFa > CuuPuy (IC)
a+ V) > ey (TRY)
Cuu(:ycli + ﬁ?uHu) — Cyqa <paa - pua) Fi—l 2 (ﬂ + V()\H)) pau (TRZ)

where the coefficient of ¢,, is simplified to
(Yaw T Vo) Voe = (Vo + V) (Vs + Vo)
= Yo = (vah i) (T2 +51)
= A = (v +va) (O + T =3 =4 — (vl + i) (1 —A8)

=+ b DY — Ayl — A+ (VA

and is positive iff

b > Yan ~ aw + Vie) Vea
a —_ FaH
e i e A e T L

ba > T

(39)

Now, consider the constraints in (cyq, ) space. Notice that the (IC') is nega-

tively sloped with intercept

1 |_ o AV 4
P_ U+V()\ )—A—Fara .

uu

On the contrary, the (T'RY) is positively sloped with intercept

Pau

(ﬂ + V()\H)) m.
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Hence, we need the intercept of (T'RY%) to be smaller than the one of the (/C), or
the set of feasible contracts would be empty. To see that this is always the case for

U > s, calculate

AV
AT,

(4 V) (Paal1 = Paa) = Pl = Pl + ﬁ—PVFff (Fau + Fu) <0

= (4 V™) (PuPaa-+ Pl = Pull) + ST (G 4+38) < 0.

(a+ V) (PP = 38, = 318) + ST (3, +71) < 0.

AV yH 4 yH
as AV Owtiw)  pom g
AT, * P,TH 4 P, (P, — TH)

We plot in the next set of Figures the (/C), (T'R%) and the (T'RY%) and study, once
again, the area of feasible contracts. Notice that we have three different cases. This
is because, while we know that the intercept of the (T'RY) is lower than the one of
the (IC'), and we can prove that the intercept of the (T'RY) is lower than the one of
the (T'R%), it is not straightforward to prove whether the (T'R9%) lies above or below
the intercept of the (IC'), or above or below the intersection between the (T'RY%) and
the (IC).

In Figure 8, we assume the (T'R%) is always slack, since it is looser than the (IC).

In Figure 9, we assume the (T'R%) crosses the (IC) and it does so above the point
where (IC') and (T'RY) cross each other.

In Figure 10 , we assume the (T'R%) crosses the (IC) and it does so below the
point where (/C) and (T'RY) cross each other.

Point A, present in all figures, is contract GAPE, in the Proposition and it
features the interesting aspect of setting the (/C') slack. Point B, in Figure 8 and
9, is the closest to the APE derived for the case of s, since it features exactly the
same binding constraints with the addition of the (PC'). This corresponds to our
GAPE;. Point C', in Figure 8, and point D, in Figure 9, are potentially new optimal
contracts where both (T'R4) are slack. Finally, notice that point F, in Figure 10, is

never feasible since both (T'R4) bind. This can only happen in case (i) of Lemma 6
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C'ILU

(T'R%)

(T'R3)

Figure 8: Contracts lying in the shaded area satisfy all constraints when ¢y, = cyy-
This graph represents the case where the (T'R%) is looser than the (IC).

and it is therefore, ruled out from the analysis.
We now show why C' and D are never optimal and then present the conditions for
GAPE; and GAPE; to be optimal and feasible, and derive their equilibrium values.

Lemma 33. When u > s and the GBPE is not optimal, the principal assigns the
worker a Generalized APE contract that lies either at point A of Figures §-10 or at
point B of Figures 8 and 9.

Proof. We have already shown how E can never be an equilibrium. For either C' or
D to be optimal, it must be that (39) fails, so that costs decrease towards the top
right corner of each Figure. Second, it must be that isocosts in the reduced problem
(38) are flatter than the (/C), otherwise the optimal contract would lie at point B.
To prove the Lemma, we show how this second condition is never feasible.

The slope of the (IC) in (38) is given by
(39) fails — is given by

g’“, while the one of isocosts — when
uu

(’7;{1 + 715{1) puzz
(VE +~+E) (FE +3L) — (VB +~+E)FE
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Figure 9: Contracts lying in the shaded area satisfy all constraints when c,, = cyy-
This graph represents the case where the (T'R%) crosses the (IC') after (in terms of
the value of ¢,,) the (T'RY).

Hence, for C' or D to be optimal, we would need:

a

(et + Vi) Pua

<
B8 (V8 +A8) — (W ++E) A

9 £

U

(Vae
(vih + i) P (%a + V) (Fow + Tou) = (Vaw + Vo) Vo

(Vi + i) 15 ~ (Yoo + Vae) Tau + (Vau + Yar) Taa < 0

(et +vin) PuuTeh — (vih +vis) o+ (v + i) T — (vl 4+ i) 7, < 0
(Yar + 7um) (1 = Pua) — Pou+ (il + i) <0
1— (W2 + 48y P, — P <0

L= (1= = Yaw) Pua = Pau < 0

Puo — Pua + (42 +42) Puu <0,

which is never true by positive perceived correlation (Z5aa — P, > 0). Conditions for

feasibility and optimality of A and B are derived in the Lemmas below. §

Now that we know the features of the GAPE contracts, we derive their equilibrium
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C'ILU

Figure 10: Contracts lying in the shaded area satisfy all constraints when c,, = cyy-
This graph represents the case where the (T'R%) crosses the (IC') before (in terms of
the value of ¢,,) the (T'RY).

values and the conditions for their feasibility and optimality. In order to simplify the

algebraic derivations, we start with GAPE, (point A).

Lemma 34. When the bias of the worker is large, that is

H H) p b H _H
by > Van T ) FZ 2 Do — o) (40)
and
0V (\H H _H Mﬁrfi
ba Z Pau . (Puu . bu) [U + ( )] (IYau ,yua> + ATy Puo ™ @ ‘ (41)

U+ V(M) — £ LT H

the optimal contract set by the principal is the GAPFE,y of Proposition 6.

Proof. First of all, at A we have ¢,, = 0 and ¢,, = ¢4, equal the intercept of the
(T'RY). That is,

@+ V)P

Cuu - au — ~H ~H
’YCLU + rYuu
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Plugging these into the (PC') constraint to obtain c,,, we get

1 . - -
Caa = ~H (ﬂ + V(AH) - Cau,yg; - Cua’)/q];; - Cuu’}/i)
u+ V(M)
ra '

It is immediate to see how this contract satisfies ¢,,, > c,, = 0. It is also easy to see

that c,q > Cqu, since

1 Py, A
A A

which is obvious. This ensures that the contract satisfies case (ii) of Lemma 6.

Finally, to derive the wages, simply recall that we are in case (i) of Lemma 5 and

that Lemma 30 above holds. Now we move to the derivations of its feasibility and
optimality.

For the GAPE,; contract to be optimal, quite a few conditions have to hold.

First of all, point A is feasible only when the agent believes signals to be positively

correlated. We know that this happens when (3) holds

Paa_PuaZO — baZPau_(Puu_bu)-

Second, for GAPE, to be optimal in the restricted problem of case (ii) of Lemma
6 and (i) of Lemma 5, condition (39) must hold, so that costs decrease towards the

bottom right corner:

(Y + AvEAE — (3 +AE)b T

ba > T

Third, also for GAPE, to be optimal in the restricted problem of case (ii) of
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Lemma 6 and (i) of Lemma 5, the isocosts of the restricted problem have to be
flatter than the (T'RY), otherwise the optimal contract would either be at point
B (Figure 8 and 9) or non-existent (Figure 10 where E yields to a contradiction).

Looking at problem (38), this happens when:

i
§

— lua (751 + ’Yi{a) p’ua

AR T ) A — (Al (FE + A8

w0 = Paa) (VL +95) 35— (3 +95) (B +38)) = (4 +95) P (38, + 582
u (D8 (i i) =T (e + )| =78, >0

puu(PauFf_PuaF5> _;)//5220

> (ngL + V{L{J) Pua + bu (f)/c{i - ’7{;)

> T ,

Q
g T8

T~ =
!

u

ba

which generates (40). Notice that the above is true only if (39) holds, so that the
denominator of the slope of the isocost is positive. However, we are now going to
show that (40) is a stronger requirement compared to (39), which can therefore be

disregarded. To see this, simply compare the numerators of the two and notice that

(VL + AT — (V8 + 0T < (VE 4+ L) Pua + bu (02, — i)
= () Pua(T = 1) — by (V2 + )T + 40 —Afk) <o.

The first component of the LHS is clearly negative. The second one is as well,
since the bracket is always positive. To see this, notice that it is decreasing linearly
in P,,, so if it is positive at the maximum value of P,, then it always is. By positive
correlation of s an t, P,, is strictly lower than P,,. As P,, — P,,, the bracket
converges to

P JOHMH 1My p 10— p,. 17 =p, T >0

Hence, we can disregard (39) in the rest of the analysis.
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The tightness of (40) allows us to remove a further condition, the one of positive

correlation. To show this, we calculate
(o + Vi) Paa + bu (G, = V)
¥
bu(=an + Yo + Ta) < PawPual'd’ + PuuPual'yf + Py = Puul'y!
bu(vah + i) < —PauPuull 4 P Puall + Py
bu(an + You) < PuwPualyl + PuuPaal'yl
by < P,

Pau_Puu+bu<

which is always true by definition of b,. Hence (40) is a necessary condition. Con-
dition (41) comes, instead, from the comparison of the expected wage costs of the
GBPE and GAPE, contracts. Hence, we have to calculate the two.

~k N o ~x H ~% H ~% H ~% H
E(wts) - waa’)/aa + wau’yau + wuaf)/ua + wuu’yuu

AV AR A8
N A]‘—‘G/ Paa

AV ~H
o= a+ VN Lua
+Cuu U+ ( )+ Al—\a Paa’
E(wf) = wiy® 4wl v+ ol 2 4wl v
(VE +~E) — 32 (v +~H)
(V2 + 5% )rH

= [a+ V(7]
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The GAPE, is set when

E(a},) > E(],)

i a AV AE vy (o T Ta) = Tiow (e + Vo)
i+ V(A )+_AFaPaa> [+ V(A7) I3y T
. N AV Al
(3 V) LY P (18] =08 =00 + S T (Gl 70) 2 0
. _ AV ~H . AV P, _
S {[u+V(AHﬂ (Y —~2) + AT, Paarf} +58rH [AFQ Pwrfj —a—VOH| >0

[@+ V)] (v — ) + AL garH

@+ VM) — AL Eari

baZPau_(Puu_bu)

This concludes the proof. &

Now we move the derivation of the GAPE;.

Lemma 35. When the worker’s bias is moderate (but such that he still perceives

signals as positively correlated), that is, condition (40) fails and
ba ((Puu - bu + Ff)Pua - 751) S 7£(Pua + bu)<Paa - Pua) (42)

then the principal assigns contract GAPE, of Proposition 5.

Proof. Before deriving contract B, notice two things. First, there are values for b,
such that (42) holds for all b,. Second, formally the requirement on b, deriving from
the failing of (40), should be stated as

(’yﬂ + %ﬁ;) Pua + bu (’yg,b - %ﬁ;)

baG Pau_Puu+buv 1—‘51

At B, we need to study the intersection between the (IC') and the (T'RY). From
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the (IC)

_ H 5 H
— PM ( + V(A — cuaPua — AT, I ) )
Recall that we need ¢, > ¢,,. This implies that

AV

Cua < U+ V(AT — AT

r.
We check for this later on. Plug the above in the (T'RY) binding to get
Vo + Vaw

Cua = —— - “ (H + V(M) — CuaPra
(Paa - Pua) Puurqu

AV PH) ~ (a+ V() P,
Ara ’ <paa - ﬁua) Ff

which is equivalent to

~H ~H
fYau j_ quu _ Pau:|
Puu
_ AV FH ;ygu + ;5/1%
AFCL ¢ (paa - ﬁua) puul—"z];[

Let’s work one coefficient at a time. The one of ¢,, is

Ly G ) Pu | (P Pu) Pl (84 72) P
(paa - Pua) ﬁuuFuH (Paa - pua) puuFuH
1 - 1 -
= T [Paapuurf + igipua] = 7N [Paurf + Puu]-—‘qu PauPuu]
) )
1 ~ ~
-5 [Paul“f 4 Py(P — TH )]
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Now we work on the one of @ + V (A) and show that it is identical.

1 .~
~ ~ ~ ['S’i + ’?52 - PauPuu]
(Paa - Pua)

1 - - -~

- <_ [Paurf + PuuFuH - PauPuui|
1 - - -

-5 [Pwrf 4 Pyu(Py, — T )}

~—

This implies that

AV, GE+AR)
AT, P, I'l + P, (P, —TH)

a

=a+ V(A7)

Cua = U — U2,

which is always positive when @ > uy. As promised, we now check that c,, <
u+ V(AT - 2Lrh,

AV

— H o _FH
Cua < U+ V(A7) N
AV (FE +52) AV
a4+ VT — I au _ Tuu <u+ V) — —71H4
(%) ATy * Pyl — Pyy(Pyy — TH) (A7) AV P

(78, + 1) > Paal'l = Pua(Pua = TY)

Pl + Pl — Pog + PoalTE + Pua(Po = TH) > 0
— P +TH + P TH + PP —TH) > 0

P T+ (P — 1) (P —TH) >0

P, +TH) >0

Pau>07

which is always true. Hence we can derive ¢,
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AV FH H (Paa_ﬁiua) = Cpu

AFG ¢ upaurg—i_puu(Paa_F(lj)

We now derive ¢4, with

Caa = ,’y_H (l_t + V(>\H> - Cau;yiiu - Cua;}’/{],{(], - CUU;?IIL{’U,)
AV oy Pulll + Puly
AFa Y pauFaH‘i‘puu(paa _1"5[)’

=u+ V() +

where it is immediate to see that this is larger than c¢,,. This ensures that the GAPE;
contract satisfies case (ii) of Lemma 6. To derive wage levels, simply recall that we
are in case (i) of Lemma 5 and that Lemma 30 above holds.

For the GAPE; contract to be optimal, we need the following conditions. First
of all, we need positive perceived correlation of signals ensured by (3). Second, we
need isocosts in the reduced problem (38) to be steeper than (T'RY) when (39) holds.
That is (40) failing.* Third, we need for the GAPE; contract to be less costly than

34To see that no further condition is needed for optimality in the reduced problem, notice that
when (39) fails, Lemma 33 ensures that the GAPE; contract is the only optimal one.
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the GBPE. This latter condition is the last calculation needed to prove the Lemma.

AV 752

AV yH 441
_ P)/aa—i_ﬁyua_f_w ﬂ+V()\H)+AF P ’

E(@,) = @i + Ol vm, + Ol i + Ol
AV |GE A+ AR5+ A8) = (v + A 5) (5, — Pl T
AT, A 4 Pyy(Pyy —TH) '

a

=a+ VT +

The GAPE;, is therefore set when

E(w],) < E(ay,)

AV G2 + A+ 4 — (B + 23R - P TH) P,

- - — <0
Al FH 4 P (P — TH) P

which, after some algebraical manipulation, yields (42).

This Lemma concludes the proof of Proposition 6. &

B. Pareto Improving GAPE Contract

This Appendix derives conditions for the GAPE contract to Pareto improve over the
GBPE contract. As in the case of u < u;, we know that, if a GAPE contract is
optimal for the firm, it is lowering the expected wage cost. Hence, we only look for
true expected compensations. We start from GAPE;.
First of all, notice that the true expected compensation from the GBPE is given
by:
E(&,) = CogVan T CouVau + CoaVaa + Cou Vo = @+ V(AT).

Similarly, we can calculate the true expected compensation from the GAPE;
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contract

B@E,) = "+ 8+ el A8 el
AV _y (?Z + 751) )
AT, “ P,TH 4 P, (P,, — T'H)

a

AV (Puo = Pua)

. " HH aa ua

. + —F F =~ - D

(rYau ’7uu> (Ara a=u P(wrf + Puu(Paa - FH))

(Ve GRen) )
“\AT, * Pl + P, (P, —TH)

:ﬂ+V()\H)+’ygl(

Hence, for the GAPE; to be a Pareto Improvement over the GBPE, the extra
terms in E(é,) beyond @ and V(M) must be positive. Given the common compo-

nents, it is possible to show that this happens when
7(51(’3/111{1, + :71[;2) - ('75; + '752)(paa - pua)rf - Puarfﬁ/i + 'NYZ) >0,
which can be rearranged to yield

P
by < by—r. 43
A Pareto Improving GAPE; can be derived, for example, setting P,, = 0.55,
P, =0.8,T7 =0.65, b, = 0.1 and b, = 0.2 (other parameters are irrelevant).
To prove the same for the GAPE,, we calculate

B(e) =2 vl Al el At el
(:)/1111; + ﬁ/fu>Paa + pau(’)/fu + 752)

= (u+ V(T
St T+
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Hence, for the GAPE; to be a Pareto Improvement over the GBPE, we solve

~H | xH D (A H H
+ Paa + Pau au + uY —
(I_L—FV(AH)) (/yau ’}/uu)NH — (/y i ) >U+V(>\H)
/y(]/LL + ’Y’U/LL
which can be rearranged to yield
Pou
by < buP— (44)

A Pareto Improving GAPE; can be derived setting, for example, P,, = 0.3,
P, =09 TH =09 TH =04, V(AL) = 0.5, V(M) =6, u = 3, b, = 0.5 and
b, = 0.66.

C. Perceived Negative Correlation

This Appendix derives the optimal contracts for an agent who displays underpreci-
sion and who perceives a negative correlation between the subjective performance
evaluations. We conclude with a welfare analysis of the contracts derived.

Consider an agent who displays underprecision and who believes signals are neg-
atively correlated, that is, he holds beliefs such that

G B
o b, < by < —29b, and b, — by > Pag — Pua.

u u

b, <0 and —

In this case, the compensation scheme of the contract has to subdue to different

properties in order to ensure truthful reporting.

Lemma 36. If the agent believes signals are negatively correlated, that is, (3) fails to
hold, then any optimal contract implementing high effort features either (i) cuq = Cau

and Cyy = Cua OT (i1) Caq < Cqu aNA Cypy < Cyq-

Proof. When the agent believes signals are negatively correlated, that is, 7777 —
FHEFH <0, we have:

Yia o, Vi

Yoa  Tau
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That is, the (T'R4) becomes

;‘}'/H ;5/H
(Cua - Cuu)N_?_}L S (Cau - Caa) S (Cua - Cuu)~_1;;-
au Yaa

Where either all brackets are 0 or c,q < Cau and ¢y < Cyq. 1

Lemma is the equivalent of 6 for the case of perceived negative correlation between
signals. Lemma 6 showed that, if the agent believes signals are positively correlated,
then the principal might opt for offering an optimal contract where, taking as given
her performance evaluation report, the compensation is higher in the agreement
cases than in the disagreement cases, that is, a contract with c,, > ¢4, and c,, >
Cuq- Lemma 7 shows that the opposite happens when the agent believes signals
are negatively correlated. In this case the principal might opt for offering a contract
where, taking as given her performance evaluation report, the compensation is higher
in the disagreement cases than in the agreement cases, that is, a contract with
Caa < Cau and ¢y, < Cye. This follows the exact opposite intuition of Lemma 6.

In order to solve problem (10), when the agent believes signals are negatively
correlated, we present a set of Lemmas that select the binding constraints for this

case and reduce the problem to the following one.

Min - CaaVanFWauVay + Wua Ve (45)
{thaCts}t,se{uﬂ}
. - AV

. aaPaa au (Pau - FH) > _FH e

s c +c : AT, Lu (1C)
Pau a

wauP_ S (wua - Caa) ((TRP))
Puu u

(wua - caa) S waup_ ((TRP))

Cau > Caa ((TR3%))

Wy, 2 Cua > O (LLUG)

Wa 2 Cau Z 0. (LLau)
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Reducing the problem to (45). Lemma 37 below studies the effect of un-
derprecision on the (T'R%) in this case. Intuitively, given Lemma 7, the agent now
underestimates the chances of obtaining premium c,, — ¢,,, and overestimates that
of obtaining c,, — c.q. Hence, his incentive to exert A\* is higher, since T = u is more

probable under low effort, and the (/C') tightens.

Lemma 37. If the optimal contract implementing high effort features c,q < o and

Cuu < Cua, then underprecision relazes the (T R%).

Proof. Consider the proof to Lemma 14, which is the equivalent version of 37 for the
case of positive correlation and overconfidence. Notice that if the optimal contract
features c,q < €4y and ¢y < Cyq, then the third term in the LHS of (19) is positive
and the third term in the RHS of (19) is negative. Furthermore, the third term in
the LHS of (20) is positive and the third term in the RHS of (20) is negative. Hence,

underconfidence relaxes the (T'R%). 1

Lemma 38. If the agent believes signals are negatively correlated, that is (3) fails,

then the optimal contract implementing high effort features cqy > cyy = 0.

Proof. Recall that any optimal contract with truthful reporting for an agent who
believes signals are negatively correlated satisfies either case (i) or case (ii) of Lemma
7. Assume case (i) of Lemma 7 holds, then the (/C) becomes:

Cau (A/?aa + Aﬁ/au) +Cuu (Ai/ua + Ai/uu) Z AV

>0 <0

Because of the negative sign of the second bracket, and since AV > 0 and ¢, > 0,
the above requires ¢4, > 0 to always hold. Assume now case (ii) of Lemma 7 holds,
for a similar argument, we need at least one between c,, and ¢4, to be positive. If
Can > 0, the Lemma is trivially proven. If ¢,, > 0, case (ii) implies ¢uy > Caq > 0.
This proves the first part of Lemma 38, i.e. that ¢4, > 0.

To prove the second part of Lemma 38, i.e. that ¢,, = 0 and therefore smaller

that c,,, we suppose it is false, that is, at optimum the contract features c,, > 0,
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and we prove that there exists a profitable deviation from it, which contradicts its
optimality. From Lemma 7, we know that c,, > ¢y, and also ¢y, > c4q. The proof
now depends on whether ¢,, > 0 or ¢,, = 0.

Let c.q > 0. Let the principal decrease both ¢,, and c,, by € so that their differ-
ence remains constant (so not to affect the (T'"R4) constraints). From the rearrange-
ment of the constraint above, we see that both ¢, and ¢,, enter negatively in the LHS
of the (IC). Hence, decreasing them, would relax the (/C') rather than tightening
it. In particular, the LHS of the (IC') constraint has increased by —e(A%,, + AY,.)-
Since we are in the case where ¢,, > 0, the principal can also decrease both c,, and

Cau Dy €. In this way, the overall change in the LHS of the (IC) is given by:

—€ (A’?aa + A;j/au + Aﬁ/ua + A;j/uu)
— —¢ (PaaAra + P AT, + Py AT, + ﬁwAru)
= —¢e(Al'y, + AT',) = —€ (AT, — AT',) =0,

and therefore the (IC) binds again.

Finally, since both ¢,, and c,, have been decreased by ¢, then the principal can
decrease also w,, and w,, by the same amount. This does not violate the relevant
(LLis) and holds their difference constant. Hence, it does not violate any of the
(T'Rp) constraints. This new contract {wys, ¢1s}+ s implements high effort at a lower
cost. Hence, a contract where ¢,, > 0 and c,, > 0 cannot be the solution to the
problem.

Let now, instead, the optimal contract feature ¢,, = 0 and define Ac, = cuq — Cuu.
We divide the proof for this case in three steps.

Step 1. When ¢,, = 0, the (TR4) imply:

~H ~H
Ach—? < Cau < Agy, Y“H“, (46)
7@u Fyaa

where, since we are in case (ii) of Lemma 7, either only one of the two inequalities
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holds as equality, or none. Suppose none of the two does, or only the second one, the
principal can decrease both ¢, and ¢, by € keeping Ac, constant, relaxing the (IC')
constraint. In particular, the LHS of the (/C') has decreased by €(A%,,, + A%,.) < 0.
He can then decrease c,, by 0 = dA;’Z‘%—W bringing the LHS of the (IC) back
to its original value. Clearly for some e, this deviation can be done until the first
inequality in (46) binds. Finally, to see that this is optimal for the principal, notice
that according to the (LL) constraints, she can now decrease wy, up to € and wg,
up to ¢. By decreasing both by min{¢, ¢}, their difference does not change. Hence,
(TRp) constraints are not affected while the objective function decreases. This
implies that at optimum if ¢,, = 0, the first inequality of (46) binds.

Step 2. Given that Acu”:’g“ = €4, must hold at optimum if ¢,, = 0, we now show

au

that the principal has at her disposal the following optimal deviation from a contract

with ¢4 = 0 and ¢,, > 0. Let her decrease c,, by € and ¢,, by ¢y < e. Then Ac,
Vit

has decreased by (€ — ¢p). In order to keep Acu,yT = Cqu, the principal decreases cq,

by (e — 60)%. It remains to check if this deviation can be made in such a way that

u

it does not violate the (IC'). The change in the (IC) is:

;?H
_(6 - 60)~_1}L}MA:)/GU - eAﬂ?ua - 6OA:}/uu

au

~H
= —(e— 60)%Ara + €Puu AT + €0 Py AT,

~H ~H
r Yuu Yuu D
== AFa |:E(PUG_F_H)+EO(I‘_H+PUU):|

AT, 1 /- . ) _
- = [e (Pual“f - Puurf) + e (Pwrf + B, It )]
AT, . .
- [e(rgf —Puu)+eon],

which is positive when:
€<F5—Puu) +€0Puu > 0.

If T > P,., the above is always true. If, instead, i < P,, then the principal has
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to choose € € 1 €y, €g524er ¢
Puu—TF

Step 3. To conclude, given the decreases in the ¢, the principal can now decrease
Wy, Up to € and we, up to (e — eo)%. By an argument similar to the one of Step
1, she can decrease both by the smallest of the two limits, decreasing the objective
function. This provides the desired contradiction.

Finally, since a contract where ¢,, > 0 and c,, > 0 cannot be a solution to the

problem it follows that c¢,, = 0. This concludes the proof of the Lemma. g

Lemma 39. If the agent believes signals are negatively correlated, that is (3) fails,

then constraint (T R%) always binds in any optimal contract implementing high effort.
Therefore:
,?H
Cua = ~_?;(Cau - Caa)'

Proof. Suppose not. Given the Lemmas proven till now and that the (T'R%) is slack,
the problem that the principal faces is given by

{wts,c?}itfe{u,a} WaaVenHWau Ve + WuaVay + Waw Ve (47)
St CaaDY 0y F CauDV gy + Cua DYy — AV >0 (1C)
WaaVaw + WauVey < WaaVig + WauVor (TRp)
Wua Ty + Wur Yoy < WaaVag + Wan Vo (TRp)

Caa T + CuaVy = Cau Vg (TR%)
Cau Ty > Caa Vi, + CuaViy (TRY)

Wi > s > 0 Vt, s € {a,u}. (LLys)
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and we can rewrite the (TTRp) and (T'R,4) constraints as

H H
(wau - wuu)% S(wua - waa) < (wau - wuu)/y_fl;_? ((TRP))
aa ua
~H ~H
Cua% S(Cau - Caa) S Cua%- ((TRA))

The principal can then decrease c,, by €, such that the (T'R%) still holds, and c,,
and ¢, by eﬁua. Since the difference ¢4y, — ¢4 is constant, the (T'R ) still hold. The
(1C) is invariant, since its LHS has changed by

_Epua (A:}/aa + A’?au) _GA:yua = AFG(EPUG - GPUG) = O

Al

We are now left to show that this is optimal for the principal. Notice that both
Cua and c¢,, have decreased. Hence, the principal can decrease both w,, and w,, by
¢P,,. This does not violate (TRp) and decreases the objective function, providing

the desired contradiction. §
Given this, we can rewrite the (/C') as

Ao Ao
Caa (A’?aa - T?;A,?ua) + Cau |:A§/au + T?;A’?ua} —AV >0

ua ua

5 5 . - AV
Caa (Paal¥! + Puall1) 4 o (Pl = PoaH) > T
D H H I H ~ H AV H
CaaPoa(TH +TH) 4 g, [Pau(l Ty paara} > T
. - AV
aaPaa au <Pau - FH) > —FH
C +c p N

Lemma 40. If the agent believes signals are negatively correlated, that is (3) fails,
then (LLy,) and (LLy,) bind in any optimal contract implementing high effort, that

1S, Waq = Caq ANA Wyy = 0.
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Proof. Consider the (T'Rp)

P P,
\(wau - wuu) PZZ S (wua - waa) S \(wau - wuu)ﬁzj
~~ middle term ~~
LHS RHS

Start from (LLg,). Suppose it does not bind. Then the principal can increase wg, by
e and decrease wg, by €; = eP we  The values in (T Rp) change. The RHS increases

Paa' To see that

by €;. The middle term also increases by e;.

the LHS stays lower than the middle term, notice that

uu .
< since PP < PP
Paa PU(I ’

by Assumption 2. This creates an overall effect on the objective function given by

Puu 1 1
— Pua (Vaupua P)/aaPuu) = P_M(Paupua - Paapuu)rf < 0.

ey, B

Hence, this deviation contradicts the optimality of wg, > Cuq.

For the (LL,,) we follow the same logic. Suppose it does not bind. The principal
Pau

can decrease w,, by € and increase wy, by € = ez*. The values in (TRp) change.

72+ The middle term increases by €. The LHS increases

also by €;. To see that the RHS stays larger than the middle term, notice that

PCLU Puu
<e€
Paa_ P’lLCL

€

as above. This creates an overall effect on the objective function given by

1

" =€ (’Yuapau ﬁYuuPaa) -

1
P _<PCWPU!1 - Paapuu)rg < 0.

Paa

H au

—€
Vuu p..
Hence this deviation contradicts the optimality of wy, > cuu. B

This concludes the set of Lemmas that yield us problem (45). The study of its

solution is longer and more complicated than the solutions to (11). First of all, notice
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that this time we have ¢, = 0 (Lemma 38) instead of ¢,, = 0 (as in Lemma 11).
When the agent believes signals to be negatively correlated the agreement payoffs
(that is the ones following 7' = S) are now surprising for an agent. In particular if
the agent observes S = u, he believes that the principal has observed T' = a, and is
not easily convinced that T" = u instead.

The first implication of the above, is that the Lemma 7 does no longer hold. That
is, there exist values for the bias of an agent who displays underprecision and who
believes signals are negatively correlated such that the existence of a deadweight loss
is no longer a necessary condition for the implementation of high effort. Further,
as we show later, there exists a portion of the parameter space where the optimal
contract does not, in fact, feature any deadweight loss.

In terms of contract structure, we show how the optimal contract when the agent
displays underprecision and believes signals are negatively correlated can take two
new forms: the Disagreement Performance Evaluation Deadweight Loss (DPE-DL)
contract and the Disagreement Performance Evaluation No Deadweight Loss (DPE-
NDL) contract. We are going to present each new contract in a proposition. While
when the agent believes that signals are negatively correlated the existence of a
deadweight loss is no longer a necessary condition for the implementation of high

effort, this can still be optimal as the next result shows.

Proposition 9. If the agent displays underprecision, believes signals are negatively

correlated, and has beliefs that satisfy

buPauF{;I - baPaaFf 2 PaQaF(I;—I - PauPuarila (48)
and
ba < _Paarga (49)

then he is offered a DPE-DL contract {1y, ¢1s} given by:
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~ aA A N . ~ P
waa - 0 wau - Cau wuu - 0 w’LLCl - ZZ CG/LL
A AV TH A FH

Caa = 0 Cau = AT, Py, -TH Cuu = 0 Cua = #Cau-
The DPE-DL contract features:

(1) a wage and compensation that depend on both parties’ performance evaluation

Teports;

(11) a deadweight loss when the principal reports an unacceptable performance and

the agent reports an acceptable performance (unless (48) holds with equality);

(111) a wage and a compensation only when the parties report misaligned performance

evaluations.

Proof. See the proof of Proposition 10. §

Proposition 7 shows that if an agent who displays underprecision, believes signals
are negatively correlated, and has a “large” bias, then the optimal contract is very
different from the BPE contract described in Proposition 1. First, the principal’s
wage cost and the agent’s compensation depend on both parties’ performance evalu-
ations. Second, wage and compensation are positive only when the parties disagree
on their performance evaluations. Next, we provide the economic intuition behind
the DPE-DL contract.

When the agent believes that signals are negatively correlated, two very simi-
lar and connected effects take place: (i) he believes states (a,u) and (u,a) more
probable than (a,a) and (u,u) (at least jointly); (ii) his believes the most probable
events are the symmetric opposite of the ones believed by the principal. Hence, it is
straightforward to see why an agent who displays underprecision and believes signals
are negatively correlated never accepts a APE contract. First, he rarely expects to
obtain ¢l . Second, he is not willing any longer to accept a contract that features
Cua = 0. Similarly to the APE contract, the principal can take advantage of this in

order to decrease the expected wage paid. She can wager on the misalignment of
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beliefs by increasing (decreasing) the compensation of the agent in states he wrongly
deems more (less) probable than she does. Because of (ii), the principal is therefore
happy to offer the agent a positive ¢,, and a larger ¢, (compared to the BPE case)
in exchange for a lower ¢,, and/or ¢,,. The fact that they no longer disagree only on
the extent of the correlation, but also on the direction of it, opens up to a stronger
manipulation of the standard contract, compared to the switch from BPE to APE.
This is behind the result that ¢,, = ¢, = 0.

Obviously, the above has to be feasible, that is, the agent has to be biased enough
to accept such a manipulation compared to the BPE contract, and optimal, that is,
the DPE contract has to implement high effort at a lower cost. These are precisely
the meanings of condition (48) and (49). Condition (48) requires the agent to be
biased enough to accept a DPE contract while (49) requires the agent to be biased
enough for the principal to find it optimal to offer a DPE contract. To better
understand the meaning of, and intuitions behind the conditions, let us represent
them in (b, b,) space. Figure 11 represents the two conditions for an agent who
displays underprecision when (Pyq, Py, TH) = (0.7,0.5,0.6).%

When (49) holds, the bias of the agent is such that the principal has the incentive
to wager as described above. In other words, the agent perceives a negative enough
correlation for the principal to be able to offer a new contract with a lower ¢,, and
higher ¢4, which is accepted by the agent.3¢

Before going ahead, note that a key aspect of this contract lies in the full im-
plementation of both performance evaluation reports. The disagreement about the

correlation between the signals allows the principal to design contracts that take ad-

351f condition (49) holds with equality, the slopes of the (IC) and isocosts are identical and the
problem has many solutions. At this point of indifference, we assume the principal sets up a DPE-
DL contract. In any case, given that all our parameters are continuous, the probability of (49)
holding with equality is zero.

36To see why this is reflected in the Figure, consider the area where the DPE-DL is set. Notice
that it is at its largest when b, is large and b, is low. This is precisely when the disagreement on
correlation is at its maximum, since ]Saa is close to zero and ]Buu is at its minimum.
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—Paa —0.55  —Pg,I'D

ba

Figure 11: In the Figure, we represent conditions (48) and (49). Together they define
the area where an agent who displays underprecision is assigned a DPE-DL contract.
The shaded area rule out biases that fall outside our definition of underprecision. In
the Figure, we assume (Paa, P, Ff) = (0.7,0.5,0.6).

vantage of both information sources. This is confirmed in the next type of contract
as well. From Holmstrom’s (1979) informativeness principle and its extension to risk
neutrality and limited liability due to Chaigneau et al. (2019) we know that, since
T is a sufficient statistic for the pair T, S with respect to effort, the fact that the
contract fully implements both sources does not add any informational value to the
transaction. If anything it may even decrease the correlation between the actual
performance of the project and the resulting w and c.

As we mentioned already, the result of Lemma 7 does not necessarily hold in
the presence of an agent who (wrongly) believes signals to be negatively correlated.

This is originated by the disagreement on the direction of the correlation.3” To see

37Tt would, in fact, still hold if the true correlation were negative and the agent and principal
agreed on it.
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this, suppose the agent observes S = a and that he believes signals to be negatively
correlated. Clearly the agent would be very happy to hear the principal reporting
T = a, but what happens if the principal reports 7' = u? On the one hand, the agent
is upset because the principal deems his performance unacceptable, and therefore
would like to punish her in general. On the other hand, however, the agent expects
T = u because she believes signals to be negatively correlated! So he is less prone
to punish the principal because he is more convinced that 7" = w is indeed the true
realization. As already explained above, the principal takes advantage of this by
setting ¢,y = ¢y = 0. When the agent reports S = a, he knows that if the principal
reports T' = a, he will get no compensation at all. This makes the agent (i) willing
to report S = a only when it is indeed true, (ii) less prone to punish the principal
compared to the positive correlation case. Under some particular levels of bias, this
effect is so strong that the presence of a deadweight loss case in the contract is
no longer a necessary condition for its implementation. This is highlighted in the

following proposition.

Proposition 10. If the agent displays underprecision, believes signals are negatively
correlated, and has beliefs that violate (48) but satisfy

P,, + b,
b, < —PF, £
< () o0

then he is offered a DPE-NDL contract w,,, ¢,, given by:

N N Y N NI,
waa - 0 wau - Cau wuu - 0 wua - cua
& =0 A AV ri ¢ =0 & _ﬁfaé/
aa au — Al, ﬁau_pé{ uu ua — A TFau-

The DPE-NDL contract features:

(1) a wage and compensation that depend on both parties’ performance evaluation

repPorts;
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(ii) no deadweight loss;

(111) a wage and a compensation only when the parties report misaligned performance

evaluations.

Proof. To prove both Proposition 7 and 8, we are going to start from problem (45).
At optimum, it is of course true that either (T'R%) or (T'RY%) bind, or both, or
neither. Since, however, P,,P,, — P,uP.. > 0 and w,, = 0, the only way to have
both binding would be for w,, = wy, and w,, = 0. From Lemma 38, we know that
cauw > 0. Hence, at least one for the two constraint has to be slack. The proof is quite
long and therefore we divide it in several parts. First, we assume only the (T'R%)
binds, which is further split into two cases on the basis of the sign of the slope of
the (IC). Second, we assume no (T'Rp) binds. Finally, we assume only the (T'RY%)
binds.

Constraint (T'R%) binding Suppose the optimal contract sets the (7T'R%) binding.
We then have

au
Wya = wauP_ + Caas
aa

which results in the following objective function

Caa (%ﬁ + ’Yfa) + Way (%ﬁ + ﬁau 775{1) .

Since w,, has a clear positive effect on it and the only constraint left on w,, is

(LLgy,), we have that wg, = ¢4, We can further simplify the objective function

Caa (’y(flll + 75{1) + Way (’7(113 + ia“ 752)
= oo (V4 1EE) + o 72 (Paal + Pl
Pau

_ H H Cau
- (f)/aa + W/ua) |:Caa + Cau Pzza:| )
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which is equivalent to minimizing:

Cua + Car e,
Pua
This implies that iso-costs have slope —P,, /P, < 0.
On the other hand, the (IC) is not necessarily negatively sloped. Its slope is
given by 3
Pou — T
Pua

which is negative only if b, < P,, — I'Z.

a

The reduced problem for this case is given by

au

min CaatCou— 51

{wt-S?CtS}t,sE{u,a} P(ZCL ( )
~ ~ AV

b CoaPratCan <Pau - FH> > = pH Ic

St CaPute 1) > ST (10)

Cau Z Caa ((TR%))

Positively Sloped (IC). Suppose b, > P, — 'l the slope of the (IC) is positive
and smaller than 1.3 To see this, notice that

' —p,<P,=T{_1<0,

a

which is always true. Hence, the binding constraints can be represented in (Cay, Caa)
space as in Figure 12.

In the Figure, costs decrease towards the origin of the graph. The shaded area
represents the set of contracts satisfying all constraints and the optimal contract is
therefore at point Y. At Y, ¢,y = Coa > 0 = cuo. We derive the full contract below

in Lemma 41 and show that it is equivalent to the BPE contract.

38Note that since by < 0 for an underconfident agent, this may never be the case when P,, > I‘f .
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Caa

(TRZ)

Cau

Figure 12: The shaded area represents the set of contracts satisfying all the con-
straints of the minimization problem (45), when the (IC') is positively sloped and
the agent believes signals are negatively correlated.

Negatively Sloped (IC). Now suppose that b, < P,, —'2.39 The problem can be
represented as in Figure 7 below.

Once again, costs decrease towards the origin, but whether the minimum point
lies at Y or X depends on the comparison between the slope of the (IC') and the one

of the iso-costs. In particular, the minimum lies at X if iso-costs are flatter than the

39Notice that this restriction may always hold for an under confident agent if P,, > I'Z since
ba > 0.
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Caa

(TRY)

(1C)

Cau

Figure 13: The shaded area represents the set of contracts satisfying all the con-
straints of the minimization problem (45), when the (IC) is negatively sloped and
the agent believes signals are negatively correlated.

(1C). This happens when

Pau Pau_FaH
< —

Paa_ Paa

Paupaagpaupaa_FaHPaa
baPau+baPaa§Paupaa_rgpaa_PauPaa
ba(Pau+Paa) S _Ffpaa

ba S _PaaFaH~ (52)

Notice that (i) —P,.['# < P,, — T'f{, and hence that (52) implies the negative

slope of the (IC'), but also that for an overconfident agent b, will always be larger
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than —P,,['% and therefore the optimal contract will never lie at X in figure 7. This
implies that when (T'R%) binds, so do the IC and the (T'RY). This allows us to

derive the optimal contract for this case.

Lemma 41. If the agent believes signals are negatively correlated, i.e. (3) fails, the
(TR%) binds, and (49) holds, then the optimal contract implementing high effort is
given by:

A A A ~ . N _ Pau A
Waq =0 Way = Cau Wyy = 0 Wyq = chau

A A AV _TH A . Aeh A
Coo =0 Cqy = o =4 Cow =0 Cua = 2%Chu-
aa au ATy Pyy—TH U ua yH “au

If (49) fails, the optimal contract is a BPE contract

_ _ _ __ C
waa - Cau wau - Cau wuu - 0 wua =

Paa
_ _ AV _ _
Caa = Cau  Cau = 3p, Cuu =0 Cuo=0.

Proof. Let (49) fail and substitute c,, = ¢4, from the binding (T'RY), as per the
graphical analysis above, into the, again, binding (IC') and notice that

- - AV
Cau(Paa + Pau - Ff) - AT Fu

implies

AV T, AV
o = AT, (1-TH) AT,

For w,,, notice that

Pau+ Pau+1 Pau+Paa Cau
Wya = Cau—77— Caa = Cau \ 75— =Cu |\ — | =
P(l(l Paa P(:L(l P(ZCL

Now let 49 hold and notice that from Figure c,, = 0, ¢,, follows from Lemma 39

and ¢,, comes from

~ AV AV r
au Pau - FH = Fu au — = 2 .
Caul o) = Ar,[v = = AR F _pa

68



Notice that given the value of w,,, it is not straightforward whether (LL,,) holds or

not. Hence, we have

Wya 2 Cua

~H
Paw . Yaa
- Cau =2 ~H ‘“au
P, aa

ua

PP, > P, P, T

PauPuaFf - P2 FH + buPauFf - baPaaFf > 07

aa™ a

which generates (48). &

No (TRp) constraint binding (no deadweight loss contract) Suppose now

all (T'Rp) are slack. Then clearly all (LL) constraint bind, since the principal

wants to decrease the expected wage paid as much as she can, and they are the only

constraints preventing her to set the w;; = 0. We have

,'?H
Wis = Cts, Cyu = O; Cua = ~_aHa(Cau - Cazz)‘
Then the principal solves

;)'/H
min Caa'ygz"’cau'yﬂ + ~?{a (Cau — Caa)’ygz (53)

{wtsvcts}t,se{u,a} ua

N . AV

£ ConPaat-Con (Pau . FH) > =¥ pH e,
S C +c a AT, " ( )
Cau Z Caw (TR%)

To derive the sign of the slope of iso-costs note that the objective function can
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be rearranged to obtain

1 - . . -
—7 Caa (Ve Voo — TaaVaa) + Cau(Van T + Vau Vue)

X Caa(PzzaPua - Paapuzz) + Cau(Pauﬁua + Paapua)

which is clearly negatively sloped since me)ua - PaaPua = b, Pe — b, P, > 0 for an

underconfident agent. Now notice two things

1. If the (IC) is positively sloped, the optimal contract would feature cq,, = Coq-
This, however, yields an unfeasible contract, since ¢4, = Coa = Cua = 0 = Wyq,

which violates the (T'R%) constraint as

2. If the (IC) is negatively sloped, the constraint of the problem are the same as
the ones represented already in Figure 7. When iso-costs are negatively sloped
but steeper than the (/C'), the optimal point would be at ¢, = Cou( = Cua =

0 = w,,) again and therefore not be feasible, again.

These two observations imply that the only possible feasible contract for this case

is one where the negatively sloped iso-costs are flatter than the (1C).* This happens

4ONotice that, since we assumed that the (I'Rp) are slack, they cannot be considered as re-
strictions to the problem. On the contrary, when we assumed the (T'R%) binding in the previous
case, we made no assumption about the (LL;s) and, therefore, they were considered as potentially
binding.
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when

Paupua—i_paapua <Pau_ba_rf

Paapua_ﬁaapua_ Paa+ba
(Pau+Paa)Pua+buPau+baPua < Pau_ba_rg
Paabu_bapua o Paa+ba

(Pua + buPau + baPua)(Paa + ba) < (Paabu — baPua)(Pau — ba — YY)
PooPua + b Lo Pay + ba PuaPag + b Pua + by Loy + b2 P
< by Paa Py — babyPag — b, TF Poy — b4 Pua P + U2 Puq + b T Py
PoaPug + boPua + bo Pual? + byby, + 0,77 P, >0
ba(Pua(1+T2) +by) < —Pag (Pua + bl

which generates i
Pua + 0,17;
ba < _P‘“"(Pu(a(l ++Ff ) +)bu)
When (54) holds, the optimal contract is similar to the DPE-DL derived above
with the difference that now w,, derives from the (LL,,) instead of the (T'R%) and

(54)

therefore

Further checks have to be carried out to be sure that the contract satisfies the (T Rp)

constraints. We start from the (T'R%) and see that it holds as long as

Pau
Wyg > —Way = Cyg >

Cau
Paa Paa

~H ~H
Yaa Pau Yaa Paa
~HC‘W>P Cau, ~HP Cau = Cau

ua aa Yua L au
~H
Yaa

Paq ~H ~H
~H 21 :>Paa,7aa_Pau’yua20

Yua L au

Paapaarf - Paupuarf > 07

which yields the opposite of (48). This perfectly separates the parameter space where
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the DPE contracts are feasible and therefore relieves us from the burden of having
to check for optimality between the two.
Now we check for (T'R}) to hold:

Puu uu
Wyq < Way = Cya <

- Cau
Pua Pua

~H ~H
f}/aa P’uu f)/aa PU'[L
~Hcau<P Cou = ~HP Cau < Cqu

ua ua ua *ua
~H
Vaa Puu

~H §1:>Puu’?uHa_Pua:751>O
Yua L ua
PuwPult — PPl 46, P, 7 —b,P, I >0
buPuu]-—‘qu - baPuaFf > PaaPuaFf - PuuPuaFf

ba < buPuuFf + PuaPuuFuH - PuaPaaFfa

which however always holds when (54) holds. To see this notice that comparing right

hand sides one obtains the following

(Pua + 0, IH)
“(Pua(1+TH) 4+ by)

< bupuuFuH + PuaPuuFiI - PuaPaaFf

bipuuFuH + buPuaPuuFE + bupuuPuaFuH + buPuuPua(Pi{)2 + PuuP2 FH

+ P P2 (T2 4 b, P T + PPy > by PogPulY + P PATH 4+ P, P2 THTH

which is clearly tighter the lower is b, (since PaanFf on the RHS is lower than
P,,TH on the LHS). Hence we test whether the inequality holds at b, = 0.4! This

“INotice that this is a very strong assumption as given a value for b, the floor value of b, is larger
than zero, but it simplifies the calculations a lot.
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implies:

P P2TH 4 P, P2 (THY 4 PPy — P PLTH(1 +TH) >0
PuuPuaFf—i_PuuPuaF +Paa_PaaPua<1_Ff>(1+FuH)ZO

+Paa_PaaPua+PaaPua(F5[)2ZO

H)2
H)2
H)2
uH)2 + PaaPuu + PaaPua(FuH)Z Z O

(
(
(
(

which is clearly true.

Notice that the above contracts are feasible in completely distinct areas (since
(48) separates them) and that if all the conditions derived hold, they also “dominate”
the BPE, that is, they are optimal.

Constraint (T'R%) binding Suppose finally that (T'R%) binds. We have

uu
Wy = Wan, + Caa-

Pua

In this case, the objective function is given by

Pua
= Caa(ViE + 7i5) + wau (V2L + 7L -

Puu
Caa(7ﬁ + 751) + Wau, <’7ﬂ + PuaFuH)

Since wg, has a clear positive effect on it, and the only constraint left on w, is

(LLgy,), we have that wg, = ¢qy. The reduced problem for this case is given by

min Caa(’}/g + ”Ygl) + Cau (VZ + ’7512) (55)
{wtszcts}t,se{u,a}
- - AV
b CouPoat-Con (PM _ FH) > 20 pH ite;
S C +c a AT, ¢ ( )
Cau, Z Caa- (TR%)

We can immediately see that iso-costs are always negatively sloped. Suppose first
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that b, > P,, — 'l than the IC is positively sloped and Figure 12 represents the
constraints of the problem. The optimal contract would feature ¢,, = 0 and the

contract resemble the one of Lemma 41 with the only difference that

Cau

uu
Wya = Cau + Cou =

Puq Pua
However, since P,, < P,, (from Assumption 3) this contract is clearly dominated by
the BPE contract in Lemma 41.

If instead the (IC') is negatively sloped, we are, once again, in Figure 7, where
a new contract may arise if iso-costs are flatter than the (IC') (if instead they are
steeper we have the BPE contract again, for the reasons just explained).

However, we now show that (i) the resulting contract with c¢,, = 0 and (T'R%)
binding is always dominated by the contract without a deadweight loss derived above
when the latter is feasible, (ii) it is always dominated by the contract with (T'R%)
binding derived above when the latter is feasible. Hence, this new contract, even if
optimal given the assumption of (T'RY%) binding, is never generally optimal and can
be ignored.

Let’s start from deriving the contract. Notice that the contract lying at point X

of Figure 7 for this case is given by

Waa = 0 Way = Cau Wy = 0 Wyaq = Cau

— _ Av__Tf — _ o
Caa =0 Cou = Xpo g pp G =0 Cua = 5 Ca

The calculations follow the same identical derivations of the case of (T'R%) bind-

ing, save for w,, that follows from w,, = cau%z + Caa, given the (T'RY%). Given this,
constraint (LL,,) holds if
—Cau >

—— C
- ~H “au
P’lLCL ua

For (i), we compare the average wage cost in both contracts. Without the need of any
algebra, we note that the no deadweight loss contract features w5 = ¢4 for all ¢ and
s and the compensations and wages offered by the two contracts are identical, save

for w,,. Hence, the only way for the contract with (T'R%) binding to grant a lower
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expected wage cost than the no deadweight loss contract is for it to feature wy, < ¢4
for some ts, which is unfeasible. Finally, for (ii), notice that the two contracts, again,
feature identical ¢;s and wys, save for wy,. The contract with (T'R%) binding grants
a lower average wage cost if
@ (AV ra ) < P,. (AV ra )
Py \AL'yP,, —TH ) = Pyu \AT P, —TH )’

a

which boils down to simply
PauPua_PuuPaaS(]a

which is always true. This concludes the proof of Propositions 9 and 10.

Proposition 8 shows that there exist DPE contracts without deadweight loss.
Identifying the set of parameter values under which a DPE-NDL contract is feasible
and optimal is no easy task. In fact, none of the conditions behind it implies any
of the others for all parameter values. In Figure 14 below, we plot the area where a
DPE-NDL contract is feasible and optimal for an agent who displays underprecision
when (Pug, Py, TH) = (0.7,0.5,0.6).

While condition (50) play the exact same role for a DPE-NDL contract as (48)
and (49) do for a DPE-DL contract, the requirement of (48) to fail needs attention.
In the proof of Proposition 8, we show how condition (48) determines whether the
(LL,,) or the (T'R%) is more stringent in problem (45). When (48) holds, the (T'R$)
is more stringent and the contract must feature a deadweight loss. When it fails, the
contract features no deadweight loss. In other words, the failing of condition (48)
identifies an area where an agent who disagrees with the principal on the direction of
the correlation of signals has a bias such that he is willing to sign a contract without
deadweight loss. It is possible to show that the area where a DPE-NDL contract is

set may not exist, under some parameter conditions. This implies that the presence
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(50)  (48)

DPE-NDL

Figure 14: In the Figure we represent conditions (48) and (50). Together they
define the area where an agent who displays underprecision is assigned an DPE-
NDL contract - marked with a star. In the Figure, we assume (Paa,Puu,Ff ) =
(0.7,0.5,0.6).

of a (particularly) biased agent may not be enough for the principal to be able to set

up a contract without a deadweight loss.
D. Social Welfare Analysis for Perceived Negative Correlation

This Appendix performs a social welfare comparison between the DPE contracts and

the BPE contracts.

Proposition 9: Let E() denote the biased expectations of the agent. Given the BPE
contract {wy,, i}, the DPE-DL {iys, ¢4s} and the DPE-NDL {wj,, ¢, } contracts, the

following are true:

i E(w,) < E(wys) < E(wf,) whenever the DPE contracts are optimal;

i B(é,) = E(&,) > E(c,) always;
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iii E(¢s) > E(c;,) whenever (50) fails.

Proof. Point (i) follows from the fact that the DPE contracts feature the same wage
but for the (¢, s) = (u, a) case and the optimality of the DPE contracts (as in Propo-
sition 4).

Point (ii)’s equality is straightforward. To see why the inequality is true we

calculate

~H
E(étS) :éaa:)/(ll—{l + éau:ﬂ[;; + éua:}/uHa + éuu:yguéau (:YZL + :Y%? %ﬁz)
AV THrH
~ ~H ~H ~ H a - u
=Cau (fYau + /}/aa) - C&ura = ATH p _TH :

Hence, to prove point (ii), we simply need

FH

—* —>1 = THir?_p, >0,
Pau—Ff ———

1

which always holds.

Finally, to prove point (iii) we calculate

~H
E(és) :éaa')/é{z + éaU’YaHu + éucﬂ/i + éuU’Y{L{u = Cau ('Yi + Y?; 'VuHa>
AV A T Van Ve
_AF(? paupua - F(I;Iﬁua.

Hence, we need

VarVua T Vaa Vo  H

T = > 1

PauPua_Fé{Pua

YauTVea + VoaVun > Ut (PauPua = T4 Pua)
Paupuarf + paapuarf - paupua + FaHpua > 0;
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which, using our usual tools, further simplifies to

Paupuarf + PaaPuaFuH _PauPua + Ffpua

~-
Py TH

4+ b Pou T 4 b, PuuTH 4 by Py — by Pay + baby + 0,1 >0

P — P+ TH) 4+ by (PouTH — Py + T + by (PuuTH + Py +0,) > 0
Pua(1 = Poy) + by(Pay (T = 1) 4T + b, (Pua(1 4+ T 4+ b,) > 0
N——

T

PuoPaq + b, T (1= Poy) 4+ by (Pua(1+T) +b,) >0
ba (Pua<]- + F{L{) + bu) > _Puapaa - burfpaa

which generates the opposite of (50). 1

Point (i) states, once again, that whenever DPE contracts are assigned, they
must be optimal. There is a difference, however, compared to the case of the APE.
It is trivial to observe that E(w;,) < E(w;s) whenever (48) strictly holds, since the
DPE contracts feature the same wage costs but for w!, < w,,. As a matter of
fact, the principal would always like to set up the DPE-NDL contract rather than
the DPE-DL one. The former however, may not be feasible under some parameter
conditions. Point (ii) is due to the wrong believed direction of correlation between
signals by the agent. We know that the DPE contracts feature the largest possible
compensations among the contracts set up for an agent who displays underprecision,
while featuring zero compensation in the agreement states. The bias of the agent is,
however, enough for him to believe that his expected compensation is higher under a
DPE contract than under the baseline one. This, once again, connects to the idea of
exploitation, where the principal takes advantage of agent’s bias. Point (iii) follows
the same intuition behind point (iv) of Lemma 4, but provides even more interesting

insights summarized in the following proposition.

Proposition 10: A DPE-NDL contract is never socially desirable. A DPE-DL

contract is socially desirable whenever it is optimal, feasible and (50) fails.
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Proof. The first statement is trivial since the DPE-NDL contract is optimal only if
(50) and it would be socially desirable only when (50) fails. Hence, the DPE-NDL
contract never Pareto improves over the BPE contract when it is assigned.

The second statement follows from point (iii) of Proposition 9. 1

Proposition 10 states a very controversial result on the DPE-NDL contract. On
the one hand, the DPE-NDL contract features no deadweight loss. On the other
hand, with a DPE-NDL contract the principal takes so much advantage of the agent’s
biased beliefs that the agent never gains from switching from a BPE to a DPE-NDL
contract. The wagering motive is so strong that the agent is, in fact, always exploited
by a DPE-NDL contract.

On the positive side, social desirability may take place when the DPE-DL contract
is assigned. When the principal is not capable of eliminating the deadweight loss, her
taking advantage of the agent’s bias may put the latter in a better position compared
to the baseline contract. To see that this is possible, consider Figure 15 Figure 16
below where we assume show the area where a DPE-DL is socially desirable under
two different parameter conditions.

We conclude with a result on the magnitude of deadweight losses.

Proposition 11: The BPE contract always features the highest deadweight loss also
compared to the DPE contracts. That is

Z(wts - étS)%‘g < Z(w:s - C:s)ryg—sl

ts ts
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Figure 15: The shaded area between the two curves features a DPE-DL contract with
a higher expected compensation and a lower expected wage compared to the bench-
mark contract. Inside this area, the presence of an agent who displays underprecision
is socially optimal. The Figure assumes (P,q, Py, ') = (0.7,0.5, 0.6).

Proof. The deadweight loss under the DPE-DL contract is given by

N ~ ~ ~ Pau ~§; ~
Z (wts - Cts) P)/tljgl = (wua - Cua)fyqﬁ = < - :}/H ) Cau

ts Paa fyua
B (PM &{;;) AV o TH (mea - me;;) AV TH
P 7l ) ATA P, —TH P, P, TH ATy P, —TH

o AV Pau;)//gl - Paa;g/ib
AFA Paapua (Pau - F,I;}I)

To see that the deadweight loss in a DPE-DL contract is always lower than that in
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Social Desirability

T
-P,
aa ba/

Figure 16: The area between the curve and the straight lines on the left features a
DPE-DL contract with a higher expected compensation and a lower expected wage
compared to the benchmark contract. Inside this area, the presence of an agent who
displays underprecision is socially optimal. The Figure assumes (P,w, P, TH ) =

(0.55,0.7,0.5).

a BPE contract when the DPE-DL one is optimal, we calculate

AV 1 AV P.AE — P2
Ara Paa AFA PaaPua (Pau - Fg)

1 Paufyqﬁ_Paa:VgL
Pua<Pau_Fg>
Pa ~H_Paa’7aHa_puaPau+PuaFIZ<0

u,y'u,a

PouPualll = PaaPaal' = PuoPoy + Pual{ <0
PouPua (T = 1) =Paa Paa T + PuaT'} + by (PauT = Pay + TF) + b4(Pua + by — Paal) <0
R
Pual'l (1= Pau) = Paa Paall 4 bu(Pau(Tff = 1) + T2) 4 bo(Pua — Paal'y') < 0
Paa
PoalH (Pua = Paa) + 0T (1 -
PaaT Py — Pag +b,) + ba(Pus — PuaT75 < 0
PuaTH (Pyy — Pag) + ba(Pu — PilH) < 0.

Pau)+ba<Pua_PaaFf)<O



Recall that for the DPE-DL contract to be optimal b, € [—Paa, — P, T } Since
the above inequality is linear in b,, but its effect on the LHS is not straightforward,

we can check that it holds at the extremes of the interval. At b, = —P,,, we have

—PyPu+P:riyp P 12 _p21H - _p P.+P,P.J =P,P,.I'"-1)<0.

aa— a aa— a

At b, = —P,, T we have

—P,, P TH+ P2 (1HY2 4P, P, TH_p2TH — p2 (TH2_p2pH _ p2 pH(PH_1y

aa— a aa— a aa— a

This proves that the DPE-DL contract always features a smaller deadweight loss
than the BPE contract. 1

E. Guile-Free vs. Good-Faith Contracts

In order to solve for the guile-free Perfect Bayesian Equilibrium contract, rename the
(TR}) and (T'RY)) constraints in (4) as (T'Rp ;) and (TRY ) for i = a,u. We can
add to (4) the following constraints

L L L L
waa,}/aa + wauf}/au S wua’}/aa _I_ wuu,}/au
L L L L
wuaf)/ua + wuu’)/uu S waa’}/ua + wau/yu’u,
~ L ~ L ~ L ~ L
Caafyaa + Cuafylm, 2 Cau’)/aa + Cuu’}/ua

~ L ~ L ~ L ~L
Cau'-)/au + Cuu7uu 2 Caa'}/au + Cuaﬁyuu-

These ensure that both the principal and the agent are incentivize to truthfully
report also when the agent exerts low effort. First of all, notice that (TR} ) and

(TRZI% ) coincide for all ¢ = a,u. To see this, notice that they both imply

P au
P,

P,
S (wua - waa) S (wau - wuu)P_uu
ua

(wau - wuu)

s]
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On the other hand, this is not true for the (T'R4) constraints. Among the four, we

can show that (T'RY ;) implies (T'R% ) while (T'RY ;) implies (T'RY ;). Recall that,

by Assumption 1 and the definition of A, we have T2 > T'L and T'# < T'Z.
Constraint (T'R% ;) implies

'~Yj
(Cuu - Cua) ~;¢a S (Caa - Cau) ] = H7 L
Yaa
where we have T . . .
Tua o Jua 00 L < Ly
ST A ri Tk

proving that the (T'R} ;) is tighter. Similarly, constraint ('R} ;) implies

o)
Tuu

(Caa_cau) S (Cuu_cua) ~j j :H7L
au
where we have y L . .
Yo _ Y r, 1y
SH S r SWC Ty S p
’YCL’U, ,}/G/U, a a

proving that the (T'RY ;) is tighter. Hence, in a problem with both the (T'RY ;)
and the (TR} 1), the latter would be slack. To obtain a guile-free PBE, we can
therefore solve problem (4) substituting (T'R% ;) for (TR ). To see that this would
not change the key tools we use to solve the model, notice that i) Lemma 7 does
not depend on which of the (T'R%) constraint we use and ii) Lemma 6 still holds.
Hence, solving, for example, the problem for the case of an overconfident worker
using the (T'RY ;) leads to an equivalent of condition (5) and the APE contracts
that depend on the 4%. While this does not affect our results qualitatively, it makes
the study of the problem, and the parameter space where the APE contract is set up,
needlessly complicated. For example, as discussed in the paper, a good-faith APE
contract depends on many conditions, all of which are implied by (5). The equivalent
condition for a guile-free APE contract, instead, can be shown to be necessary but

not sufficient. That is, an area where the equivalent of the APE contract is set up
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exists, but it is harder to identify and graphically describe it.
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