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1 Proofs for Elimination Contest with One Overconfident and
Three Rational Players

Proof of Lemma 3

Player 1I’s best response in a final with J, R{ (€j), is defined by

8
5—_ 1. u=c¢ if & >
=

= u=c if iei6ej

Hence, the slope of player i’s best response in the final is

8 e 1
7 25 u
ie; — & . 6 >a.
f 2ef § @1+ )7‘261- u e it e °;
eR; (e5) @*ET (Ujj) Zie T
@e; — @ei@e; —
OR} (¢)) 02E7 (Uij) s o 1
@e;j @e|2 > i'i_,_l u
. = —& if e <e
e. 2 1 €j =i J

- @ )5 i Ie u
Therefore, the sign of the slope of player I’s best response in the final is positive for

i€&; > €; and negative for ie; < €;. This implies that Rf(ej) increases in e; for

i€ > €j, reaches the maximum at j&; = e;, and decreases in €j for ie; <e¢j.

Proof of Lemma 4

From player i’s best response in the final (see Lemma 3) we have

@R (ej) _

8 =
E 52 J+1 u lf iei >eJ
@i =

i u it g 6ej

We see that @Rif(ej):@ i 60 for e > e; and @Rf(ej):@ i >0for e 6 g - Sub-

stituting €; = j€; into player I’s best response in the final and denoting the maximal
effort that 1 is willing to invest in the final by eifmax we obtain
i(eifmax)

2 i(eifmax) +1

or

f
fmax _ u:

: 2c
This implies that the value of €j corresponding to the maximum value of player i’s best
. fmax
response in the final, ;" , does not depend on j.



Proof of Proposition 2

The final stage

G

13 — 1€ .
2er ife; 6 e,

C 1&
pf _ 1 2o ife; >¢e;
81 1% ife, 6 e,

1

Rational player 1 max Ef(Uy) = pI3 u—+u(w,) cep
8
= S u+uw,) cep if e >e

1
pr— 2 1
u-+u(w,) ce; if e, 6e,

mlm
=

1
23

Rational player 3 max Ef(Us) = p§1 u—+u(w,) ces
8
<

1e :

B Eé u+u(wy) ce; ife;>e
- 1€ .
-5 u+u(wy) ces ife; 6 e,

1

There are 2 cases.

C

e, > e,
e, 6 e,
1. equilibrium efforts
(1) case 1: e; > e,
Player 1 max Ef(Uy3)= 1

N[
@ | ®
|

[y

u + u(w,)
Player 3 max Ef(Uy)= %z—i u+u(w,) ces
F.o.c

[e1] 5-3 u c=0

[es] 32— u ¢c=0

S.o.c

[ed  5( 1)95—12 u<o0

sl 5( 1= u<0

€

Solve F.O.C , we get ;1 =e3 = 5 U

cey



(2) case 2: e; 6 e,

The same as the previous case.
Thus the unique equilibrium is &f = e{ = e§ =5 U,

2. winning probabilities

The true winning probabilities are

pr = pI3 = pgl =

N|

3. expected utilities of final

1+
u(wy) +

E'(U) = E"(Uiy) = E"(Us) = luw) +u(w)] o5 u=- u(wy)

2C

. = .. . . .
Since 0 < 6 1, we have E" (U) > 0. The participation constraints are satisfied.

The semifinals stage
1. Expected utilities of reaching the final
Using the expected utility of the final, we can get the expected utility of reach-

ing the final.
Player 1’s expected utility of reaching the final is given by

—f 1 1+
Vi = p§4Ef(U13) + pisEf(UM) =E U)= 5 u(wy) + u(ws)
Since all 4 players are identical,
1+
V=V, =V, =V3 =V = u(w,) + u(w,):

2. Equilibrium efforts in the semifinal

Using the extension of the equilibrium result in the final, we can get that

1+
u(wy) +

v

e =el=el=ef=¢€; = u(ws)

2 2 2

3. True winning probabilities

[N

P® =Pl = P2 = Pas = Pis = 5

4. Expected utilities of semifinal

+
V= V= L u(w1)+1

_ 1
E'(U)=2vV c—
U)=3v ¢ 2 2 2

u(w,)

Since 0 < 6 1, we have ES(U) > 0. The participation constraints are satisfied.



5. the prize spread that satisfies 88 < &f

1+
e<el u(w,) +

2 2
(@ X!
O @+ Huwy) <1+ )Hu(wy)
O u(wy) _ 3+

ulwy) 1+

2 (0;1] this inequality is satisfied for all

Since

Proof of Proposition 3

The perceived winning probabilities of the players are:

C e,

<
u(ws) 7

juwg) + (1 + Ju(wz) <2 u

u

when u(wy) > 3u(w,).

of, = 1 161% ™) ?f e, > e,
e, if 18, 6 €4
of = (1 . e ?f e > e
e it e;6¢€
Overconfident player 1 max EBf(Uig) =pl; u+u(w,) ce;
8
7< 1 1 i-’e’l u+u(wy) cep if 18, >e,
= : ;:1 u+u(w,) ce; if 18, 6e,

Rational player 3 max Ef(Uy) =py U+ u(w,) ces
8
7< %2—; u+u(w,) ces if e;>e,
- %g—i u+u(w,) ces if e, 66
There are 4 cases.
8
% 16, >e; and ez >e;
16, >e; and e; 6e;
2 18 6e; and e;>e;
" 16, 6e; and e;6e;
Since 3 > 1, the fourth case is impossible.
1. equilibrium efforts
(1) case 1: 18, >e; and e;>e;
1 e
Player 1 max 1 3 121 u+u(w,) ce;




Player 3 max 1 %e—; u+u(w,) ces
F.o.c

e _
[e4] ﬂel—ir u c=0
[63] Ee:}*l u c=0
S.o.c
[ed  5—( 1);—12 u<o0
[es] 5 ( 1)-% u<0

€3

Solve F.O.C , we get

Check the conditions 1€; > €3 and e3 > ey:

8> O 1 — 77 >
2C
O — G+
2c !
G+l
O . >1
+1
2 +1
O 17 >1
+1
O 0
2 +1

es>e QO > PO P 2T O

2 ! 2
The conditions are always satisfied.

case 2: 18, >e; and e;6e;

€3
le]_

Player 1 max 1 % u+u(wy) ce;
Player 3 max 32 u-+u(w;) ce;
F.o.c

e1] 523 u ¢c=0

[e3] —6311 u ¢c=0

>
1



divide the two F.O.C , we get

which contradicts the condition that e; 6 e;
(3) case 3: 18, 6e; and e3>e;

Player 1 max 322 u+u(wy) ce
3
1e
Player 3 max 1 Eé u-+u(w,) ces
F.o.c
e 1
[e1] S+ u c=0

2 e,
€ —
les] 553 U c=0

divide the two F.O.C |, we get
€1 1

which contradicts the condition that e; > e

Thus the unique equilibrium is

f _ 2 +1
e, = — u
1 2Cl
e:_ 2 +1 u
3 ch

where 16, >e; and e; > e;.

We show that ef <&f and ef <&

+1 +1

<t Oy 77 U< 1O 47T <

f<e’ O 5 77 U<z uO <

2 2c
2. equilibrium winning probabilities
The true winning probabilities are
1
1 ef 1 . 1
pf S -1 —— 2 +1 - 2 +1
13 2 ef 2 1 2 1

3



The overconfident player 1’s perceived winning probabilities are

1 (ef 1 1 1 1
=1 1) SR =1 -~ =1 I ,?
2 1(e1) 2 7 +1 2

We show that pI3 > p‘§1 = % = pI3:

_+1 _ . _+1 1
H‘I3>p§101 %12+l>1 %12+10%12+l>%12+10 1 >1
1 1 1
P> O 5,77 >50 77 <1
f 1 f f
p13<§()1 p31<20p31 5

3. expected utilities of final

Bf(Uis) = plou(wi) + (1 Bly)u(wz) cef

_ 1 % 1 % 5
=1 71 U(Wl)"'i 1 u(w,) 51 u
1+ _*1
— U(W]_) 2 1 2 +1 u
Ef(Uay) = phyu(ws) + (1 pl)uw,)  cef
j(— 1 -
f— 1 z 1 2 +1 U(Wl) + E 1 2 +lu(W2) E 1 2 +1 u
1+
— U(Wl) 2 1 2 +1 u
We show that Ef(Uy3) > ET(Us;) > Ef(U):
Ef(Us) > ET(Us)
1+ 1 1+ _
O u(w,) 127 u>u(wy) 5 127
1+ L 1+ =1
O 2 1 2 1 u > 2 1 2 1 u
2 +1 2 +1
O 7>,
Ef(Us) > E' (U)
1+ — 1+
O u(wy) 127 u>u(wy) B u
1 + 2 +1 1 +
> -
O1= ;"

Since E (U) > 0, the participation constraints of both players are satisfied.



Proof of Lemma 5
The best response of player 1 in the semifinal with h, Rj(ey), is defined by
8

e _ .

B e. 1
"5 :eh g =c if g 6Ge,
Hence,
8 e e e
s S et gt T g E g i e >
BRCen) _ = 71 - e
R (1)
! = g & ‘oe — & ° Oe; :
Zehei_|__'eh@_i_feh e + i if i¢; 6 e,
OR?

Since g—e‘i >0 it follows from (1) that == >0 for ie; 6 e;. Since g—e'l > 0 it also follows
R}

from (1) that g—e'le—l' < 1(> 1), then %_. < 0(>0) for ie; > e€;. Substituting ; = e
into player I’s best response in the semifinal and denoting the maximal effort that 1 is
willing to invest in the semifinal by ;™ we obtain
i(eismaX) .
2 i(ei'c,max) +1 1
or
smax — _

T

Since @ increases with j, it follows from the last equality that ;™

increases with ;.

Proof of Proposition 4

1. Perceived expected utilities of reaching the final

Using Proposition 3, we can get the perceived expected utilities of reaching the
final of each player.

Overconfident player 1:
e = p3,ET(U1s) + pis BT (Uws)

Since player 3 and 4 are identical, ET(Uy3) = ET(Uy,)
1 + +1

e = u(w,) — 2

Since BT (Uy3) > Ef(U), we can get @ > V.

Rational player 2:
Vo = p3ET(Uzs) + piET (Uza)

Since players 3 and 4 are identical, ET(U,3) = ET(U,y)

1+
u(wy) +

Vo, = 5

5 u(wy) =V



2. The equilibrium efforts and winning probabilities

Player 1 max [ES(Up,) =g,e ce;

@ cep if e, >8

l .
=, e ceq it .8, 66,

Player 2 max E®(Uz) =p3,v2 Ce
8
= %2—1 Vo, cey ife, >eq

= 2

Vo CEy ife, 6 e

('Dl('D
N

1
2 1

There are 4 cases.

16, >e, and e,>e;
16, 6e, and e, >eg

8
% 16, >e, and e, 6¢e;
=
" 10,686, and e, 6¢e;

Since 7 > 1, the fourth case is impossible.

(1) case 1: .8, >e, and e, 6 e;, which corresponds to (i).

Player 1 max 1 %ez e ce
Player 2 max

F.o.c

e _
[e4] ﬂel—irel c=0

[e] 52 v, ¢=0
2 2 e 2

S.o.c

(S
[ed 5 ( 1)91—3291 <0

2
[92] E( 1) ezel Vo < 0
Solve the two F.O.C |, we get

€ = 2 1 Ye)!' (V)

€ = 2% (@) (vo)

10



€ V2

1
€1 @21
Check the conditions i€, > e, and e, 6 e;:
D 18>8

As long as e; > e, is satisfied, e, > e, is satisfied.

@62631

e
e1>e Q — >1

1V2
u(wai) 1+ 2 £5) u
U(\?/\l) u(ws) 2 1 i
O i u(wi) 1+ =1
1 U(Wl) u(W2) T u
u(wa) 1+ T u(wi) 1+
O 1 1
u(wy)  u(wy) 2 u(wy)  u(wy) 2
Let
u(wa) 1+ 7w u(wy) 1+
f( 1) = 1 1
u(wi)  u(wy) 2 u(wi)  u(wy) 2

we can easily get that f( 1 =1)=0and f( ; ¥ 1) <0.

o yo (A P o uwy) 1+
(1)_2(2 +1) 1 u(wi)  u(ws) 2
1+ ) ;2 u(wi) 1+
fU( 1)S0QO 22 +1) 1 u(wy)  u(w,) 2
1+ )2 u(wy)  u(ws) L
OZ 51T uwy+a+ yuwy > !
1+ ) uwr)  u(w,) e
O 5 31a Huwra+ yuw) S
h PR
Let g( )= (;++?LZ [@ )EEVWV3+;J1(YZ))U(W2) et

a)g( )61

if g( ) 6 1, then f'( ;) < 0 always holds. Which means f( ;) < 0
always holds, thus g8 <1 always holds.

11



1+ ) u(wi)  u(w,)

2 +1 (1 Ju(wy) + (1+ Hu(ws)
1+ ) (1 u(wy)+ 1+ Huwy)

O% 1% uw) uwy

O @+ )Y u6 @2 +1IL Huwy)+ 1+ HuWwy)]

O ( +3 )uw) 6 (2+5 +3 ?uWw,)

u(wy) . 2+5 +3 2

90()610O 61

o u(w,) @a+3)
O u(w,) 2+5 +3 2
u(wz) 1+3)
O u(wy))  u(wy) . 2(1+2)
u(wy) 1+3)
When U(Wt)(wg)(WZ) 6 2((112 )), the condition e; > e, is never satisfied given
that 1= 1.
b)g()>1
if g( )= 1, then
8 h i
= @1+ )2 u(wi) u(ws) L1
£ ) >0 when 4 < p 2 @ Ui i)
1 1
T<0 when ;> X uw) uwy) T

2 +1 (1 Hu(wi)+(1+ Hu(wz)

We now show that if U(Wllj)(ws)(WZ) > 2((113 )), then there exists a unique

threshold ™ > 1 where f( 1) =0, that is,

u(w,) 1+ 5% u(w,) 1+

ufwy)) u(wy) 2 ! ou(wr) u(wy) 2

which is equivalent to

1+ A _+1 A U(Wl) 1+ )
T R R

To see this is the case, we rearrange the equality as

1+ . 1+
uw;)) — " zwm ou=" uw) —— u
2 2
or 1 +
— NN TR = " Du(wy);
or A
1+ u(wi) u(wz) _ 1 2)
2 u(wy) AN

Since 2 (0;1] and u(w;) > u(w,), the left-hand side of (3) takes a
value in the interval (0;1). The right-hand side of (3) is increasing in "

12



for > 1, its limit when ™ ¥ 1 is 2*1

3 +2°

1+ u(wy) u(wy) _ 2 +1
2 u(wy) 3 +2
It is easy to show that this inequality is equivalent to
u(wy)) u(wp) 2(1+2 ),
u(w,) 1+3)
Therefore, if U(Wt)(wz')(WZ) > Zﬁii )),
greater than 1, that satisfies (3). This, in turn, implies:
8

=>0 when 1<A

T( 1)>=O when 1=

-<0 when ;>
8

N

N

=>>0 when ;<”
e e =0 when ;= N
A

“<0 when ;>

. . . 2(1+2
The condition e; > e, is only satisfied when U(Wllj)(wg)(WZ) ((1:3 ))
N . .
1 6. And e; > e, is only satisfied when U(Wt)(wg)(WZ) Z(é::é ))

N
1< .

Therefore the solution

€1 = 2 1 Ye)' (v2)
€2 = 5 (@) (v2) T
. u(wi) u(wz) 2(1+2 ) N
only applies when t(wZ) 2 ) and <.
case 2: 16, >e, and e;>e;, which corresponds to (ii).
Player 1 max 1 % izel e ce;
Player 2 max 1 %:—; Vo, Ces
F.o.c
e
e ——2%¢ =0
[ 1] 2 1? 1

[e2] §e:—1IV2 c=0
S.o.c
[e4]

7 ( 1)ef—aze1 <0

13

and its limit when ™ ¥ 1 is 1.

Hence, the threshold ™ exists and is unique provided that

. . N
then there exists a unique value for ",

and

and



[e2]  5( 1)626%2V2 <0

Solve F.O.C ;| we get

+1

= +1
e, = — 2 (e)z+1(Vv,)2 V1
1= 17 @) ()

—_— +1
e, = — 2 (e)Z+1(V,)2 +1
2= 5o 17 T (@)7TTE()
€

51 i i
— = ] (el) 2 +1 (V2)2 +1
€1
Check the conditions e, >e, and e, > ey:

D 18, >6,

+1

e 2
€ >e O - 1>10 [TE)TE(V) T >1
2

Since 1 > 1 and @ > V,, the inequality is always satisfied. Therefore
1€; > e, always holds when ;> 1.

@62>el

€1
91>920e—>1
2

1
O 77 (@)7(v) 771 >1
1
e 2 +1 e
O >1 QO —>1

1V2 1V2

We have already seen in case (1) that e, > e; is satisfied when either

u(wi) u(wz) 2(1+2 ) N
t(WZ) 2 6 asa) or 1> .

Therefore the solution

—+1 +1
e, = — .2 (e)2z +1(V,)Z +1
1= 50 1 (@)7 (V)

[ +1
e, = — 2 (@)z+1(V,)Z +1
2= 501 (@)7 (V)

u(wi) u(wz) 2(1+2 ) N
W) © @y OF 17

(3) case 3: 18, 6e, and e, >e

only applies when either

Player 1 max %

Player 2 max [1 3(2) Iv2 ce;

1
)] —t2-e c¢=0
2

14



[e2] §e:~1+1V2 c=0

divide the two F.O.C | we get
€1 18

which contradicts the condition that e, > e;

Therefore, the equilibrium in this semifinal:

(1) When 40)_uwz) 5 2042 ) 10, <™, which corresponds to (i)

u(wz) (1+3 )
S = 1 U(Wl) 1+ 2 -:—11 ! U(Wl) 1+ u
Lo2ct uwy)  u(wy) 2 ! u(wi)  u(w.) 2
oo uw,) 1+ u(wy) 1+ T
27 2¢ Y u(wy)  u(wy) 2 ! u(wi)  u(ws) 2
where €7 > e3.
1 €
s — - &
P21 2 &
=L v
2 @2
_1 u(wy) 1+ u(ws) 1+
2 1 u(wy)  u(wy) 2 ! u(wi)  u(ws) 2
ps — ps =1 } u(w,) 1+ o u(wa) 1+
2 2 2 1 u(wy)  u(wy) 2 1 u(wi)  u(wy) 2
1 (e3)
=1 -
R N CS ,
=1 l 1 1 u(Wl) 1+ 2 -:—11 . U(Wl) 1+
2 1 u(wi)  u(ws) 2 ! u(wi)  u(ws) 2
=1 l 1 U(Wl) 1+ 2 -:—11 U(Wl) 1+
21 u(wi)  u(wy) 2t u(wi)  u(ws) 2
(2) When either U(Wt)(wz)(wz) 6 2((112 )) or 1>" which corresponds to (ii).
co FH o uw) 1+ moTE o uwy) 1+ T
o2t u(wy)  u(w,) 2 ! u(wy)  u(w,) 2
- +1
es=_ 72+ U(Wl) 1+ 2 :11 2 u(Wl) 1+ 2t
T u(wi)  u(w.) 2 1 u(wi)  u(ws) 2

15



(ii) when either

Sinc 1 >¢€° and 5 <F®°.

uwy) uwy) g 2(1+2 )

N
uwz) @3)°r 1~

or

We show that €7 6 €5 6 €°:

Since we already showed that € 6 €3 is satisfied under this condition, we only

have to show €5 6 &°.
e; 6 ¢€° =
2 O 5
O
O™

Oeb6 v,
which always holds, thus e} 6 e5 6 €° always holds.

+1
2 +1 +

1 e
+1

2 +1,42 +1
e

2c

2+1 2 +1

Vs

16

2 +1 6 _V
2C

2+l g vy
2¢ °

where 1(e5) > (e3) and e} 6¢e3.
h=s o
2,65
1 1
_1 u(w) 1+ 7 u(wy) 1+ 2
2 1 u(wy)  u(ws) 2 ! u(wi)  u(ws) 2
— 1 2 +1 U(Wl) 1+ 2 :11 2 U(Wl) 1+ 2t
2 * u(wg)  u(wy) 2 ! u(wy)  u(wy) 2
o1 = Pl
=1 1 o= u(wy) 1+ = 2 u(wy) 1+
2 1 u(wy)  u(wy) 2 7 u(wy)  u(wy) 2
1 (e3)
— 1 _
Gy
=1 l 1 2 +1 U(Wl) 1+ 2 -:-11 2+ U(Wl) 1+
2+ 1 u(wy)  u(ws) 2 ! u(wy)  u(wz) 2
J, L oem o uw) 1+ g TR uw) 1+
2 1 u(wy)  u(wy) 2 1 u(wy)  u(wy) 2
3. equilibrium efforts compared to benchmark
(i) when U(Wﬁ)(wz)(wz) 2((112 )) and 1 < "
We show that €3 > &° > e$:
s o 1451 1
g>F O 2>1022 2 2210 2 5
€ % 1Vo
s +1
e_z e2 1O &1 () (v2) 10O V2
[ 7V e,

+1




4. perceived and true winning probabilities compared to benchmark

u(wy) u(wp)
u(wz)

(i) when >20*2) apg <’

(1+3 )

We show that p§; < 1 and B, > p5, > 3:

s 1 1 e§ s .
P1<5; O35 & <;0e&<¢
1
1
P =1 p3 > 5
1 eS 1 eS
g, >pn O 2 e > o O
(ii) when either u(wi) u(wz) e 2(1+2 ) >0

u(wz) (1+3)

We show that p}, 6 3, p5; > 1 and B, > 3

1 1 e 1
piz6505 e 6§Oei6e§

1

p5 =1 p§2>§
1 1 es 1
> — 1 _ 2 > =
B, 20 2 e 5

O L <1
163

_ +1
12 (@) (V)7 T

P +1
T ()7 T (V)2 L
2 __ 1 1
QO 77 (@) 7 ()21 <1
Ly, Th

2 +1
o 7Y

<1

<1

5. Participation constraints

17
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u(wi) u(wz) 2(1+2 ) n
(1) When ll.l(Wz) 2 > @3 ) and ;<

ES(Ulz) = pizel Cei
>pie  cg

= 1 %1(91) (V2) & 1 1(‘i‘l)1 (V2)

C_
2C

ce @) ) 5 @) (W)
se i@ ) 5. @) W)
se oL@ (W) ) W)

L RO R CA N

() @) 2

>0

ES(Uz) = p5V2 €&

= % 1(8)  (v2) vz > (@) () "
= % () ()Y 51 (@) (v) "
=l ) W)

>0

: u(wy) u(ws) 2(1+2 ) N
(2) When either ===7= 6 =755 or 1>

ES(Ulz) = Bizel Cq

Sincep;, > 1, @ > v and € < &, we can get thatEs(U,) > E (U) > 0.

ES(Uz) = p31V2  CE

1 - N
= 1 S TT@TT(V) T Ve e i T (@) ()
= 1‘ 241 7 T _ Zz+ 7 T
= V2 5 1 () (v2) 5 1 () (V2)

1+ S— o 41
=V o 1 2 (e) 7 (vp)? &

1 1+ S -
= (V2)2 +11 (V2)2 1 T 1 2+ (91)2 +1

>0

18



Proof of Proposition 5

1. Expected utilities of reaching the nal:

Rational player 3:

Va3 = phLE (Us) + p5,E' (Us)

1+ _ 1 1+
= piy u(wi) 5 1 2T U+ py TU(Wl) + u(ws)
Rational player 4.
Vs = PE" (Usr) + p31E" (Uso)
S 1 + 2 +1 S 1 1 +
= p1p U(wy) 5 1 u + P TU(Wl) + u(w.)

SinceE' (Usy) = Ef (Usy) > Ef V) = Ef (Usp) = Ef (Usz), we havevs = vy > V.
2. The equilibrium

(1) When t_tz) 5 212 ) gng ;< ”

u(wz) (1+3 )
1+ — 1 1+
6=6= Z:V3 = 2 pl, u(wi) > 12 U+ py TU(W1)+ u(wy)
where
S, =1 1 u(wi) 1+ 2++11 u(wi) 1+
P12 2 1 u(wi) u(wz) 2 1 u(wi) u(wz) 2
1
S - S - -
P34 = Paz >
; 2(1+2 A
(2) When either “tiel 6 202 ) or 4 >
1+ o 1 1+
% = efl = 2_CV3 = 2_C p?_z U(Wl) 2 12 Yu o+ pgl TU(W1)+ U(Wz)
where h i
s =1 2+ _ uw) 1+ o 2t _uwy) 1+ ZT
P12 2 1 u(wi) u(wz) 2 1 u(wi) u(wz) 2 :
1
S S - -
P34 = Paz >

We show that&; = €, > € holds in both (1) and (2):

s> e — Vo> —V >V
=€ 0 eV 2C0 V3

3. Participation constraints

1
E°(Uss) = P34V3 CE&E = V3 C—V3= v3> 0

2 2c 2
E°(Usz) = E®(Uss) > O

19



Proof of Proposition 6

1. When ) bue) 5 2022 ) qng ) <
(1) Py
Py = pf13p§2 "
:1' 2 +1 1 1‘ U(Wl) 1+ 2++11 u(Wl) 1+
2! 21 uw)  u(wy) 2 1 u(wi)  u(ws) 2
Let
f(1)=P1 -
We can get L1 1
f =1)= — _ _ =
(1=h=35 35 370
A 1A 1 1
= = — + — — <
f(1 ) > 241 5 2 0
f ( 1) can also be written as the following:
1
f( l) — i 1 2 +1
1 u(wy) 1+ u(wy) 1+ 7
4 u(wi)  u(ws) 2 u(wi)  u(ws) 2 !
Taking derivative of f ( 1) we obtain
.I:O( )_ 1‘ 7w 1 1‘ U(Wl) 1+
Yoo 22 +1 ¢t 4 u(w) u(wy) 2
s 1 U(W]_) 1+ 2++11
2 +1 1 u(wi)  u(ws) 2 1
+ ﬁ( ) U(Wl) 1+ 2++11 !
: u(w) u(w) , 2
+1 +1 e |

2 +1

2 2 +1 !

20
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f 0( - 1) - 1‘ 1‘ u(Wl) 1+ U(W]_)
7T 22 41 4 u(wy)  u(wy) 2 2 +1  u(wy) u(ws)
!
1+ u(wy) 1+ SR R |
2 u(wy)  u(wy) 2 2 2 +1
" #
_ 1 1 u(w;) 1+ oyl o+1
22 +1 4 2 +1 u(wy)  u(w,) 2 2 2 +1
" I#
_ 1 1 2 u(w;) 1+ vl o+1
22 +1 4 2 +1 u(wy)  u(w) 2 2 2 +1
" 1#
1
_ 1 L 2 uws) 1+ L)
22 +1 4 2 +1 u(wy)  u(wsy) 2 2
" I#
1
- 1 141 5 u(wa) 1+ *las)
22 +1 2 u(wy)  u(wy) 2 2
fq1=1)and1+i 2 s 4 *L(1+ ) has the opposite
sign.
1
(wi) + + —
Whenl+1 2 CARTS) B 2@+ ) <o fqi=1)>0
And since
!
1 u(wy) 1+ |
1+ = 1+ <0
2 u(wy)  u(wy) 2 2 ( )
u(wy) 1+ |
2 1+ )< 2
’ () uw) 22 &)
u(wy) 1+ oy
2 +2< 1+
0 u(wy)  u(ws) 2 2 ( )
1
0 2< u(wy) 1+ +1
u(wy)  u(wy) 2 2
0 (W) 1+ <1+
u(wi)  u(wy) 2
4u(wa)
< 3(1+
O dw uwy <30T
4u(wa)
<31+ 4
0 u(wy)  u(ws) ( )
Au(w,)
<3 1
0 u(wi)  u(ws)

fq 1=1) > Ois only satis ed when > I and ‘Y

1) u(wp) s _4

21
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4 22 +1) .
We show 3= > =3+

4 202 +1)
3 17 (3 +1

0 4 3 +1)>22 +1)(3 1)

0 122+4 > 122+2 2
0 2 +2>0

Thus we know that under the conditions >  and “(Wt)(wg)(‘”” > A f( 1)
is positive when ; is small and close to 1. Therefore there exist parameter
con gurations where the overcon dent player's equilibrium winning probability

P, is higher than the benchmark.
(2) P

We show thatP, < %:

1 1 1 1
P> = pfze,pglz §p§1< 5 E: i

2
(3) Pz and P,

We show thatP; = P, >

Bl

Ps= Py = pinglp§4 + p§1p22p§4
= PP+ Pl
12Ps15 * Pa155

1 11
pinglé +(1 piz)éé

. .11 1
= P12 p31§ 2 +Zr
ps, 1101 11
P2 55 2 271

(4) compareP; and P;
P, Ps= pflspiz pi2p51p§4 p§1p22p§4
Plabl,  PhLPsPs (1 Pio) PhoPls
1 11
PisPis 5P 551 PR)

1 1
P1aPiz épiz 1 ph 2 (1 p)
3 1 1
Epflspiz Zpiz 4
The sign of P,  P; is the same as the sign dpl.pS, p5, 1

Let f( 1) =6pLpl, P, 1

f(,=1)=6

A A 1 1
= = — + — — <
f(.=")=6 TS 5 1<0



U(Wl) 1+ 2 ++11 u(Wl) 1+

. u(wi)  u(wy) 2 ! u(wy)  u(ws) 2
1 1— U(Wl) 1+ 2 ++11 U(Wl) 1+
2 1 u(wy) U(Wz)' 2 ! u(wy)  u(ws) 2
=3 7+ 1 3 7T | u(wy) 1+ P
! 2t 1 u(wy)  u(ws) 2 1
u(wy) 1+ 5
u(wi)  u(ws) 2
= 1 1 u(wy) 1+
f = 3 2 +1 -
(Y .2 +1 1 2 u(wy)  u(wy) 2
3 + 2 +1 1 1 U(Wl) 1+ %
2 +1 ! ! u(wy)  u(ws) 2 1
T u(wa) 1+ 5 !
+ 3 2 +1 1 2 +1
! ! (# ) u(wy)  u(ws) 2 !
1+ +1
2 2 +1 1
1 u(wy) 1+
f =1)= 3 =
=) W 2 +1 2 u(wy)  u(wy) 2
3 + U(Wl) 1+
2 +1 u(wy)  u(wy) 2
#
u(w;) 1+ Y1+ +1
u(wy)  u(wy) 2 2 2 +1
1 u(wy) 1+
= 3 -
2 +1 2 u(wy)  u(wy) 2
5 3 u(ws) 1+
2 +1 u(wy)  u(wsy) 2
#
u(wy) 1+ Y1+ +1
u(wy)  u(wy) 2 2 2 +1
1
= %31 2% 3%
u(wy) 1+ 1+ +1
u(wy)  u(wy) 2 2 2 +1
3 .\ u(wi) 1+ Y1+ +1
22 +1 u(wy)  u(w,) 2 2 2 +1
~ 3 1 141t +1 u(wy) 1+ !
- 22 +1 2 2 +1 u(wi) u(w) 2
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3 1 1+ +1 u(wy) 1+

fUa=D>00 5557 Y5557 uw) uwy) 2
) 1+  +1 u(w;y) 1+ 1>§ 1y
2 2 +1 u(wy) u(wy) 2 22 +1
0 1+T 2 ++11 u(ws) 1+
S+l u(wy)  u(ws) 2
0 _2((2+1+)12) S u(ws) 1+
S u(wy)  u(wy) 2
( +1) ? > u(wy) 1+
" e uww) uw) 2
g (DT, 1. uw)
(4 +5) 2 u(wy)  u(wy)
2( +D°+( 14 +5) _  u(w)
0 2(4 +5) Gw)  u(wy)
) 6°+5 3 u(w.)

2(4 +5) u(wi)  u(wy)
5+ P 97

. . u(wi) u(wy) 2(4 +5)
This is satis ed when > 52 and =50 52 > (5
2(4 +5) 202 +1) .
We ShOW6 245 3 > (3 +1) -
24 +5) _ 2(2 +1) 4 +5 2 +1

0 >
6 245 3 (3 +1)

0 (4 +5 (3 +1)>(2 +1) 6 °+5 3

0 123+19 2+5 > 12 3+16 ? 3

0 32+6 +3>0

6 2+5 3 (3 +1)

p__
Thus we know that under the conditions > —53°7 and “Mulie) > 2059
f ( 1) is positive when ; is small and close to 1. Therefore there exist parameter
con gurations where the overcon dent player's equilibrium winning probability

P, is higher than that of the rational player in the other semi nal Ps.

2. When either YW _ulwz) g 2(1+2 ) 40 5 A

(1) Py

u(wz) (1+3 )

Since player 3 and player 4 are identical, the equilibrium winning probability of
player 1 is

2) P

1 1 1
P; = piapi, < 5 5-12
1 1 1 1
P> = pf23p21 = épgl > 5 3 = i

(3) Ps and Py

P; = P, > 1 still holds.
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Proof of Proposition 7

1. Equilibrium expected utility of overcon dent player 1 in the semi nal with rational
player 2.

The equilibrium perceived expected utility of reaching the nal of overcon dent
player 1 is

Vi = p§4Ef (Ug) + pisEf (U1a)
= Ef(U13)
1 T
= 5 1 u 51 u+ u(w,)
_ 1 >+ 2++11 U(Wz)
= 51 5 1 +
2 2 u(wy)  u(ws)

and his equilibrium expected utility in the semi nal with rational player 2 when
u(wz) (3 +1)

E°(U2) = povi c§

= 1 1- U(Wl) 1 + 2 ++11 U(Wl) 1 +
21 u(wi)  u(wy) 2 ! u(wi)  u(wy) 2
1‘ 1 o 2 ++11 + U(WZ)
21 2 ! u(wy)  u(ws)
. 1 U(Wl) 1+ 2 ++11 ! u(Wl) 1+
2 1 u(wy)  u(we) 2 1 u(wi)  u(ws) 2

The benchmark equilibrium expected utility of the semi nal is

1 1 u(ws) 1+

EU)= 2 v= 2 u(wy)  u(wy) 2 !
Let
(= B uES(U)
" #
= 1 1- U(Wl) 1 + 2 ++ll U(Wl) 1 +
2 1 u(wi)  u(wy) 2 ! u(wi)  u(wy) 2
1— 2+ o 2++11 + U(WZ)
2 1 2 1 u(wg)  u(wy)
. u(ws) 1+ =t u(wi) 1+
21 uw) uwy) 2! u(wy) u(wy)) 2
1 u(ws) 1+

2 u(wi)  u(wy) 2

We can easily get thatf ( ;1 =1)=0.
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f O( ) — 1 1‘ u(Wl) 1 + 2 ++11 U(Wl) 1 +
VT2 uw) uwg) 2 uwi) u(wp) 2
1' 7 1 + — +1 2 ++11 1
L22 +1 1 22 +1 1
+ 1‘ u(Wl) 1+ 1 U(Wl) 1+ 2 ++11
2 u(w) u(wy) 2 ! u(wi)  u(ws) 2 !
I#
u(Wl) 1+ 2++11 . 1+ +1 2++11 1
+ () 1 1
u(wy)  u(wy) 2 2 2 +1
!
e S u(wz)
2 ! 21 u(wi)  u(ws)
o u(w) 1r gy 2 u(w) 1+
2 u(wy) u(wy) 2 ! u(wi)  u(ws) 2 1
#
+ 1(1 U(W]_) 1 + 2 ++11 1 + + 1 2 ++11 1
! u(wy)  u(ws) 2 1 2 2 +1 1
1
= = —— +
fa=D= 55541 4
N u(wy) 1+ L1+ +1 u(wy) 1+
2 2 u(wy) u(wy) 2 2 2 +1 u(wy)  u(ws) 2
u(wy) 1+ 1+ +1
(1) - @)
2 u(wy)  u(wy) 2 | 2 2 2 +1
1 u(wy) 1+ N 1+ +1
222 +1 2 u(wy) u(wy) 2 2 2 2 +1
u(ws) 1+ 1+ +1
S 1) - 1)
W2 u(wy)  u(wy) 2 | 2 2 2 +1
_ 1 u(wy) 1+ N 1+ +1
2 22 +1 u(wi)  u(ws) 2 2 2 +1
#
u(wy) 1+ 1+ +1
1 1
( ) u(wy)  u(wy) 2 (I 2 2 +1
! ! #
_ 1 u(wy) 1+ N 1+ +1
222 +1 u(wy)  u(wy) 2 2 2 +1
" ! #
%21 1 u(wy) 1+ L1+ +1
T2 22 +1 u(wy)  u(ws) 2 2 2 +1
" ! #
2
_ 11 N 1+ 1+ +1 u(wy)
2 22 +1 2 2 +1 u(wy)  u(wy)
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#

2(2 +1)

2 3 +1+1 u(wy)
2 22 +1) u(wy)  u(wy)
(3 +1)+1 u(wz) . : u(wi) u(wz)
2@ +1) AR 0 is satis ed when eh)

(3 +1)

Therefore there exist 1 2 (1;") for which ES(Uy,) > E°(U).

2. Equilibrium expected utility of rational player 2 in the semi nal with overcon dent

(v2) ™

2 1 (8) (v2) "

e w
127 (@)7T T (V)2 T

2 (g)z T (Vz)%

v=E (U):

player 1.
(1) When steouls) > 2E 230 and 4 < *
E°(Uzn) = p31V2 €&
1
== (e V2) Vo C— 4 (e
21(1) (2) 2 201(1)
1 +
= 21 (&) (Vz)l
1 +
=5 a(e) (v)'
1 +
=5 (@)
1 v v
2 1191
1 _
< =5-v= E°(U)
(2) When either “otlvel 6 28 20 or 4 > *
E°(Ua1) = poiv2 €6
1 — _ _
- 1 E 12 +1 (el)z 1 (VZ) 2 +1 Vs C2_C
S T U U3 R VA
2 ! 21
1+ .
=V, o T (@)TT ()T
+ — +
B O
n 1 #
1+ 21 2+
= 1 1 v
2 v
1 =s
> —V=E (U
5 (V)
3. Equilibrium expected utility of rational player 3 (4) in the semi nal with rational
player 4 (3).
S s 1 1
E®(Uss) = E>(Uga) = > VaT — Vg > >
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Proof of Proposition 8

Part (i) follows directly from Propositions 2 and 3. Let's then prove part (ii). We
know that the equilibrium e orts in the semi nal between the two rational players are
higher than the benchmark, thus the equilibrium aggregate e ort in the semi nals stage
is higher than that of the benchmark if the equilibrium total e ort of the semi nal with
an overcon dent and a rational player is higher than that of the benchmark. We also
know from Proposition 4 that if YW _uWe) 5 22 *1) a4q < * then total e ort in the

. . u(wz) (3 +1) - )
semi nal with an overcon dent and a rational player is given by
S+e= 1 @)t () +o (@) (W)= @) W) o) )

Hence, we have

g+ _ V1 @) ) '+ (=)

= @) @ e @

Letf()= , (@) (@) '+ (@) (V).
f()= 1 u(w,) 1+ 7 ! u(ws) 1+ !
O= 17 ) uwy 2 ° W) uwy) 2
U(Wl) 1+ 2 ++11 U(Wl) 1+
! u(wy)  u(wy) 2 ! u(wy)  u(wy) 2

We can easily getthatf ( ; =1)=2.

1

¢ 0( ) _ U(Wl) 1+ ( 1) 2 U(Wl) 1+ 2 ++11
YTouw) u(wy) 2 Pouw) u(wy) 2 *
#
+ 1(1 ) U(Wl) 1+ . 2 ++11 1+ +1 . 2 ++11 1
u(wy)  u(wy) 2 2 2 +1
u(w;) 1+ 1 u(wy) 1+ o
u(wi)  u(wy) 2 ! u(wi)  u(wy) 2 1 4
1
+ 1( ) U(Wl) 1+ 12++11 1+ +1 12++11 1
u(wy)  u(ws) 2 2 2 +1
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u(wy) 1+
u(wi)  u(ws) 2

u(ws) 1+
u(wy) U(V;IﬁZ) 2

fq1=1)=

—~

1)

u(ws) 1+ 1+ +1

A Gy uwy) 2 2 2 +1

u(wy) 1+ u(wy) 1+
u(wg)  u(wy) 2 u(wi)  u(ws) 4 2

u(wy) 1+ 1+ +1
u(wy)  u(ws) 2 2 2 +1

+( )

1+ +1 u(w 1+
=C b+ =7 u(Wl)( lS(wz) 2 ¥
1+  +1 u(w,) 1+ !
2 2 +1 u(wy) u(wy) 2
1+ +1 u(w 1+
=@ DA 2) 5y u(wl)( 1J(wz) 2
1+ +1 u(wy) 1+ !
2 2 +1 u(wy) u(wyp) 2

=(1 2) 1+

1
1+ +1 u(wi) 1+ i i u(wi) u(wo) 22 +1)
1+ 5550 twy owyg 2z > Ois equivalent to ==/7m== > </
Thus we have
If < 1 thenfq ;=1)>0.
If > 2 thenfq ;=1) <0.

u(wi) u(wz) 2(2 +1)
Therefore, when t(WZ) 2 > G+

€ + € > 2e® which implies

and < 1, there exist 1 2 (1;") such that

X4
e > 4

i=1

2 Elimination Contest with Two Overcon dent and Two Rational
Players

This section studies the equilibrium of an elimination contest with two overcon dent and
two rational players. We assume the two overcon dent players di er in their con dence
levels. This extension enables us to assess if our ndings still hold when two overcon dent
players encounter each other, either in the nal or the semi nal.

There are two possible seedings that we need to consider: (i) the overcon dent players
are seeded in the same semi nal, and (ii) the overcon dent players are seeded in di erent
semi nals. These two types of seeding induce di erent results and hence we study them
separately.

2.1 Final

When the overcon dent players are seeded in the same semi nal, the nal will be played
between an overcon dent and a rational player and we can apply Proposition 3. In con-
trast, when the overcon dent players are seeded in di erent semi nals, the nal can have
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two overcon dent players. Hence, we start by characterizing the equilibrium of a nal
with two overcon dent players. Without loss of generality we consider a nal between
players 1 and 3 with ;> 3> 1

Proposition A1 In a nal between two overcon dent players, the equilibrium e ort
of the more overcon dent player is

f +1
— 2 +1 2 +1

€ = — u
1 2c 1 3

and the equilibrium e ort of the less overcon dent player is

f— 2 +1 2 +1
U

€= 571 3
2c
with € < el < &. The perceived equilibrium winning probabilities are
1 +1
f_ + T
Bs=1 51 gt
1 +1
f o _ + T
p3l - l E 1 2 +1 3 2 +1

with g, > B, > 1=2. The equilibrium winning probabilities are

f _ 2 +1 2 +1
Pz = =
13 21 3
f =1 1‘ 2 +1 2 41
P31 = 5 1 3

with pf13 < 1=2< pgl. The perceived equilibrium expected utilities are

+1

1+ s
B (Uss) = u(wy) 1 e
+

1 - +1
Ef (U31) — U(Wl) 5 L 7 +1 3 7 +1 u;

with Bf (Uys) > B (Ug) > E (U).

Proposition Al shows that in a nal between two overcon dent players, the more
overcon dent player exerts lower e ort at equilibrium. As we have seen, the bias lowers
an overcon dent player's perceived marginal probability of winning the nal. The more
overcon dent a player is, the higher is the drop in his perceived marginal probability of
winning the nal. Hence, the more overcon dent player exerts lower e ort at equilibrium.
Both players exert lower e ort than if both were rational. Each player perceives he has a
winning probability greater than 1/2 but, in fact, only the less overcon dent player has a
true winning probability greater than 1/2. The perceived expected utility of each player
is increasing in his own bias as well as in the rival's bias.

Proof of Proposition Al

The perceived winning probabilities of the players are:
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C, e
‘ 1 276, if 365> ¢
1 38
2

o if 3656 €

Overcon dent player 1 max Ef(Us) = pfl3 u+ u(w,) ce

1 &
—_ 2 191
u+ u(w,) ce if 18 6 e;

u+u(wy) ce if 16 > e

Overcon dent player 3 max Ef(Us) = pfgl u+ u(w,) c&

< 1 e .
1 53;3 u+u(wy) ce if 385> €

u+ u(w,) ce if 36,6 €

There are 4 cases.

1€, > e and 3e;6 ¢
1,6 5 and gze;> ¢

8
§1e1>e3 and 3e;> ¢
2
" 16,6 e and 3e;6 €

Since ;> 3> 1, the fourth case is impossible.
1. equilibrium e orts

(1) case 1: 1, > e; and 3e;> g

Player 1 max 1 u+ u(w,) ce

NI

Player 3 max 1 u+ u(w,) cg

NI=

F.o.c

[e1] ﬂeleil u c=0

[es] 5o u c=0

S.o.c
[el]  5—( 1)-3% u<0
[es] 5 ( )% u<o0

Solve F.O.C , we get
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Check the condition ze; > e;:

3% 7.,_%
e >e ) S2>1) T ITs1
1

Check the condition ;e > e;:

+1

e 1
& >e) —2>10 T ITsq

which is always satis ed.
(2) case 2: 1, >e; and 3e;6 ¢

€3
1 el

Player1 max 1 1 u+ u(w,) ce

Player 3 max -2 u+u(w,) ce

€

F.o.c

divide the two F.O.C , we get

QP

= 13>1
which contradicts the condition that 3;e; 6 €
(3) case 3: 1,6 5 and 3e;> g

1 el
€3

Player 1 max 3 u+ u(wy) ce

Player 3 max 1 1

F.o.c

1
[€1] 51823 u c=0
[es] 5o U c=0

divide the two F.O.C , we get
1

13

<1

P [P

which contradicts the condition that je, 6 e;.



Thus the unique equilibrium is

+1

f_ 2 +1 2 +1
e = — u
1 2C 1 3
f +1

—_ 2 +1 2 +1

= — u
€3 2% 1 3

Since ;> 3> 1, we can gete] <el < &.

2. winning probabilities

The true winning probabilities are
!

pf:} e_fl :1' 21+1 21+1 :1' 2 +1 2+1<1'
13 2 eg 2 1 3 2 1 3 2
1 — 1
p;n:l pf13:1 5121 §1>§
The perceived winning probabilities are
1 (€ 1 1 1 1 o
];_3:1 E(%?) :1 2_ ]2-+1 32+1 :1 Elzﬂ 32+1
f +
[ =1 1 (&) _ 1 1%? -1 1‘1ﬁ 3231
2 3(ef3) 2 3 2
Thus we have
f f f 1 f
Bz > B3 > P31 > §>p13
3. expected utilities of nal
B (Us) = Blau(wy) + (1 B)u(wz) c€
1 = _ 1 = _
= 1 élz+l 32+1 U(W1)+§12+1 32+1U(W2)
2 +11 2 +1
51 3 u
1+ 4 ;
=uw) 517 57T
B (Usp) = Byu(wy) + (1 Biu(w,)  cé
1 — A I
= 1 E 1 2 +1 32 +1 U(W1)+ E 1 2 +1 3 2 +1 U(WZ)
2+ 2 ++11 u
2 1 3
1+ — =
— u(Wl) 2 1 2 +1 3 2 +1 u

Since < land ;> 3> 1, EBf(Ug) > Bf(Usy) > E (U). The participation
constraints are also satis ed.
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2.2 Overcon dent players seeded in the same semi nal

Assume players 1 and 2, seeded in one seminal, are overcon dent with > , > 1
and players 3 and 4, seeded in the other semi nal, are rational with; = 4 = 1. Note
that, under this seeding, the nal will involve an overcon dent and a rational player and
hence we can apply Proposition 3. Note also that since the two rational players are iden-
tical, they exert equal e orts in the semi nal and hence, each has an equal probability of
winning it. This means that the identity of winner of the semi nal between two rational
players does not a ect the overcon dent players' behavior in their semi nal. However,
since the overcon dent players' biases di er, the identity of winner of the semi nal be-
tween two overcon dent players matters for the e ort choices of the rational players in
their semi nal. Taking this into account, we start by solving the equilibrium of the semi-
nal with two rational players and then we solve for the equilibrium of the semi nal with
two overcon dent players.

Proposition A2

In the semi nal between two rational players of a two-stage elimination contest where the
overcon dent players 1 and 2 are seeded in one semi nal, the rational players 3 and 4
are seeded in the other seminal, and; > ,> 1= 3= 4, the equilibrium e orts and
winning probabilities satisfye = €; > € and p3, = p;3 = 1=2.

Proof of Proposition A2

1. Expected utilities of reaching the nal

Rational player 3:

Va3 = phLE (Us) + p5,E' (Us)

S u(wy) 1+ 7T 43 u(ws) 1+ 7T u
Y ou(wy)  u(wy) 2 ! 2Lou(wr)  u(wy) 2 2
u(ws) 1+ T s Py Py
+
u(wy)  u(wp) 2 2 P2 1 2 u

>V

wherep3, is as derived in the proof of Proposition A3.
Rational player 4:

Since player 3 and player 4 are identical,

Vs = V3>V

2. The equilibrium

(+1) 2 3 +2
(2 +I) 2+

(1)When&l+i6 2 1

u(wy) u(wz)

34



6= €= 2—(:}{3

— u(wy) 1+
- 2_C U(Wl) U(Wz) 2 2

+ 1 1 u(wy) 1+

212 uw)  u(wy) I2

u(wa) 1+ T
u(wi)  u(wy) 2 2

S S
P34 = Pa3 =

@ )
(2) When 22— 6 ——uw) ___2

1 u(wi) u(wz) 1+

c u(wy) u(wy) 2 ?

+

2 +1

1 1 70 == u(wy)

51 2

2 u(wy) U(Wz)|
u(ws) 1+ o 7

u(wg)  u(wy) 2 7

S S
P3a= Pz = 5

N

1

2

79 zar @ D
(3) When ——4Wu___2 5 mgyx4 2 i 2

u(wy) u(wz) 1+ 12 ! L

S — S —
== —v
e3> 4 20"3

U(Wl) 1+
2c u(wi) u(wy) 2 2

T T u(wa) 1+

+
NI =

! 2 u(wi)  u(wy) 2
u (Wl) 1 + 5 ++11 2 +1
u(wy)  u(wy) 2 °

S S —
P3s= Pz = 5

Sincevs; = vy > V, € = € > € is always satis ed.
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3. Participation constraints

v3> 0

1
E°(Uss) = puvs  C& =

E®(Uss) = E(Uss) > 0

Proposition A3 Consider the semi nal between two overcon dent players of a two-stage
elimination contest where the overcon dent players 1 and 2 are seeded in one semi nal,
the rational players 3 and 4 are seeded in the other seminal,and > ,> 1= 3= 4

( +1 2 3 +2
2 +1) 7+

T, then the equilibrium e orts and winning probabil-

N

(i) If %

u(wi) u(wz) 6
2 1
ities satisfy €] > e$, € > €, and g}, > p$, > 1=2> g5; > p3;.

(2 3 42 — —2
Z +D T

(i) If -2 L 6 uw) 2 o 77 7™ hen the equilibrium e orts and
;1 1 u(wg) u(wp) 1+ 1 2 4

winning probabllltles satisfyg; > e5 > & and g, > p1, > 132> P3;.

—r S (m? 3 42
If _ulwy) 2 4 > o A (2 +1) T 5 th th ilibri t
(iii ) T uwy T > Max —— B , then the equilibrium e orts
2 1

and winning probabilities satisfye} 6 € and g, > B, > p3; > 1=2> pi,.

Proposition A3 reveals that in a semi nal with two overcon dent players, both players
can exert higher e orts than if both were rational. It also shows that the identity of the
player who exerts the highest e ort depends on the prize spread, on the con dence gap,

1 2, and the bias of the less overcon dent player 2.

Part (i) tells us that the more overcon dent player 1 exerts higher e ort at equilibrium
when the prize spread is large and the con dence gap is moderat®art (i) tells us that
the more overcon dent player 1 exerts higher e ort at equilibrium when the prize spread
is moderate, the con dence gap is small, and the bias of the less overcon dent player 2
is low. In this case both players exert higher e ort than if both were rationaf. Finally,
part (i) tells us that the less overcon dent player 2 exerts higher e ort at equilibrium
when either the prize spread is small, or the con dence gap is large, or the con dence
gap is small and the bias of the less overcon dent player 2 is large.

Figure 1 illustrates result (ii) in Proposition A3. It depicts the best responses and
equilibrium e orts in a semi nal of an elimination contest whereu(w;) = 11, u(w;) =1
c=1,and = 0:9. Point E depicts the equilibrium when both players are rational.
Point E° below the 45 degree line depicts the equilibrium when player 1 is overcon dent
with ; = 1:18 and player 2 is overcon dent with , = 1:07. These parameter values
satisfy the two inequalities in (ii) and hence the more overcon dent player 1 exerts higher
e ort at equuilibrium than the less overcon dent player 2.

1When the con dence gap becomes increasingly large, i.e., 1 !1 , the right hand side of the inequality in part (i)

converges to , ° 1 < 1. When the con dence gap becomes increasingly small, i.e., 1! 2, the right hand side of the
+1
inequality in part (i) also converges to 2 *1" which is less than 1. Hence, since the left hand side of the inequality in
part (i) is greater than 1, the inequality cannot be satis ed when the con dence gap is either too large or too small. These
two limits are computed at the end of the proof of the proposition.
o+l
2When 1 !1 , the right hand side of the second inequality in part (ii) converges to 2 *1 which is less than 1.

Hence, since the left hand side of the second inequality in part (ii) is greater than 1, the second inequality in part (ii) cannot

be satis ed when the con dence gap is large. When 1! 2, the left hand side of the rst inequality in (ii) converges
+1 +1
to , 2 *1 which is less than 1 and the right hand side of the second inequality converges to g :i 2 2 %1 Hence, the

two inequalities in (ii) can be satis ed when the con dence gap becomes increasingly small as long as the bias of the less
overcon dent player 2 is low. These two limits are computed at the end of the proof of the proposition.
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