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This online Appendix has 5 sections. Section I shows that the effect of a stan-

dard monetary shock in the NK model with our benchmark calibration. Section

IT shows that for sy, large enough, there will not be default when § = sp;q, as

assumed in section 2.1 of the paper. Sections III derives the NK Phillips curve.

Section IV discusses the case of uncertainty about 7', briefly mentioned in section

2.1 of the paper. Finally, Section V discusses the relationship between equilibrium

output and expected interest rates, discussed in section 4.1 of the paper.

I Effect of a Standard Monetary Shock

The plots below show the response of the interest rate, output and inflation to a

1% negative monetary shock at t = 0.
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I Minimum Level of s,

As mentioned in Section 2.1, we assume that the primary surplus spg, in the
good state is sufficiently high such that default never happens in that state. We
derive a condition for sy, under which this is the case. We only do so in the
non-monetary LW model of Section 2.1. If by > spign/(R — 1), there is default
even when § = sp;g,. When by = Spign/(R — 1) the price schedule then drops down

a second time, to

Qra = T (st + (1= ¥)snig) 0
T

(R—1)

We need to show that there can be a level of s;g, such that there is no equilibrium
with by > $pign/(R — 1). This is the case if the pricing schedule is always above
the debt accumulation schedule. For a given by > spign/(R — 1), Qr_; from the
pricing schedule must be higher than from the debt accumulation schedule. This

is the case when

¢
(R — Dby

X"rbo — X°S
2
by — (1 —6)Thy 2)

(1/}Slow + (]- - 7vb)shigh) >

If this is the case for by = Spign/(R — 1), it also holds for larger by, leading to the
condition
- X"Kby — XS

1-— (R — 1)(1 — (S)Tbo/shigh

(¢Slow + (]— - Q/J)Shigh) (3)

(R—1)

Since the left-hand side of this expression depends positively on sy, and goes to
infinity when sp;g, — 00, while the right hand side depends negatively on spigs
and goes to a constant when sp;g, — 00, it follows that for sp,,, above some cutoff

level this condition is always satisfied.

IIT Derivation of the NK Phillips Curve

We derive the optimal price set by firms, taking into account all the features of
our model, in particular: i) habit formation by households; ii) price indexation; iii)
lagged response in price adjustment. Another interpretation of the latter feature

is that firms base they pricing decision on information that is d periods old.



The consumption-leisure tradeoff equation for households, derived from the
utility function (26) in the paper, is

Ny(i)? W4

— 4
(Cy = nCi—1)77 = nPE(Cepr —nCy)=° P )

Notice that the labor supply N,(7) and the wage W;(7) are firm-specific.

Our assumptions about information delay imply that at time ¢ — d firms choose
the relative price h}(i) = P} (i)/P;. Due to our assumption of indexation, if the
firm optimizes its prices at time ¢ and does not re-optimize again in subsequent
periods, the price at t + k is

Pali) = 507 (Tt) 5)

Profits at t + k for firm 7 are

Yien (i) ) e

M) = 150 (250) i) - W) (V24

Demand for firm i’s goods is equal to
. D1\~ (hi ()P
Y; = ——— —— Y, 7
ok (7) < P ) P t+k (7)

where Y, is aggregate output.

Maximizing the expected present discounted value of profits

Er_q Y 0" Quarrlliin(i)
5=0

with respect to h; (i) we obtain

> P Y [ Propy "7 1 Py (Pt \
B ek t t+k t+k—1 1 _ t+k t+k—1 MO . -0
t dkz—o Qt vk p< Py 'uh;‘(i) f2) P, 1(7)
(8)

t+k
where p = /(e — 1) is the steady state markup, MCy (i) is the real marginal
cost of production, Q¢4 is the stochastic discount factor from ¢ to ¢ + k, and d
is the information processing delay. The real marginal cost of production M, (%)
is defined as the derivative of the real labor cost Wiy () Nyix(i)/ Ppyx with respect
to Yiir (7).



It follows from (8) that in a zero-inflation steady state the marginal cost is
1/p. Linearizing around the steady state, and using Q1 = 8% in steady state,

we obtain
Ey_q Z(ﬁ@)k [hi (@) = (P — ) + Y (Peab-1 — Pr—1) — meei(i)] = 0 (9)
k=0

where lower case variables denote logs in deviation from their steady state. (9)

can be rewritten as
hi(i) = (1 = BO)E—q Z(/B@)k (Pt — pe) — V(Prb—1 — Pe-1) + mepr(i)] - (10)
k=0

Using the production function, we can rewrite (4) as

Wonld) _ New(@) _ (Vin(3)/4)%/ =) )
Py Citk (Yesr = Yiqk—1) " = 0BE ik (Yiars1 — nYeqk)

The total real cost of production, Wiy (1) Nyyx(i)/Pig, is

(Vi (i) JA) @+ D/(1=e)

12
(Yerr = Verr1) ™7 = BBk (Yesrrr — nVeir) ™7 (12
and the marginal cost is
11 Y, (i) /A) @t/ (1—a)
MCt+k _ ¢+ ( t+k(z)/ ) (13)

l—aA (Yigr — nYigp—1) "7 — 775Et+k(y{t+k+1 —nYir)°

When prices are all the same and constant, Y;.x = Yix(7) is equal to the
natural rate Y;},, and the marginal cost is equal to 1/p. From (13) we can then
solve for the natural rate of output, which is constant as productivity is constant.

Using

Yeak (1) = Yoy — €y + €(Pear — Pt) — VE(Peak—1 — Pr—1)

which is the log-linearized version of(7), we obtain the log-linearized version of (13)

in the form

_ 9+a a 7 (6 +a),.
Mk = etk + 11— 81— n)ka N ﬁht
—i—%(ﬁwk — ) — %7@%%—1 —Pi1) (14)



where, as in the paper, x; = y, — y" and T, = x; — nxi_1 — FNE(Te1 — Nxy).
Substituting (14) in (10) we obtain

hy = (1= BO)E_q Z(ﬁ@)k [(Pe+r — Pt) — Y(Pek—1 — Pe—1) + Gk + CoTrii]

k=0
(15)
where
o+ a 1—a
G =
l—al—a+(a+ o)
o l—«
G =

(I=nB)(I=n)1—-a+(a+d)e

We can write (15) as

hi = 0BE,_qhi | +0BE_qmii1 —YIBE_qm + (1 = 08) (G By—qzy + (1 — 08) o By —qTt)
(16)
Let p; = h} + p; be the log price at ¢ of the firms that re-optimize. (16) implies

p; =1 = OBE_a(piiy — peiv1) + OBE_qm — vOBE_qm
+ <1 — Qﬁ)QEt_d:Et + (1 — 06>C2Et—djt (17)

which can also be written as

Py —Di—1 = QBEt—d(p;Ll —pt) + 7 —YOBE_qm
+ (1—-08)GE—are + (1 — 0B) o Ey_aly (18)

If p;, denotes the price level of firms that do not re-optimize, we have
pe=0p + (1 —0)p; (19)

Subtracting p;_1
T = 0(pr — pe—1) + (1 = 0)(p; — pi1) (20)
Firms that do not re-optimize index to past inflation, so that p; — p;,_1 = ym_1.
This gives
T = Oym1 + (1 = 0)(p} — pe-1) (21)

Taking the expectation at t — d of the same expression one period later, multiplied
by 63, we obtain

OB L _qmip1 = 9275Et—d7Tt + (1 - 9)95Et—d(p:+1 - pt) (22)
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Taking the difference between the last two equations and substituting (18) we

obtain
T = Y1 + BE_qmip1 — YBE_am + wi By + wo 5y qTy (23)
where
1—4 o+
=—(1-6 24

1—106 1—« o
WQ:T

ey PR B Qe TG s (25)

This is the NK Phillips curve.

IV  Uncertainty about the Date of Default Deci-
sion

We have assumed that the only uncertainty in the model is about the level of
primary surpluses that can be generated from 7" onward. In other words, there is
uncertainty about whether the government is able to enact reforms that raise the
primary surplus. But this uncertainty is resolved at a known date and the default
decision is then made at that time. We will now discuss an extension whereby
there is uncertainty about 7' itself.

In general there can be uncertainty about both the date that we find out if
reforms will be enacted and about the reforms themselves. We now abstract from
the latter by setting ¢» = 1. In this case the agents know that there will be
no reform that raises primary surpluses, but they do not know at what time a
decision will be made to default or not. We further simplify by considering only
two possible dates for the default decision. The default decision will take place at
Ty, with probability p and at T, with probability 1 — p, with T} < T5,. The asset
price prior to T now takes into account the possibility of default at either T} or
Ts.

Monetary policy now takes the following form. The central bank chooses in-
terest rates Ry to Rp,_1. After that, if a default decision is made at time 77,
the central bank chooses interest rates RTI, ey ]—?H and after that the Taylor rule
applies. If no default decision is made at time 77, the central bank chooses inter-

est rates Ry, ..., Ry and after that the Taylor rule applies. Central bank policy



starting at 77 will therefore depend on whether a default decision is made at time
1.

Without uncertainty about 7', the debt accumulation and pricing schedules
took the form of two relationships between by and Q7_;. They now take the form
of two relationships between by, and (7, —;. The debt accumulation schedule is

the same as before, replacing T with 77:

T1 BO i PT1—1 XHK}B()/PD — ng

br, =(1—=96 2
Tl ( ) PT1 P,T1 QTl_l ( )
where
P P,
X° = |rrae o+ (1= 8)rn g1 4o+ (1= 8)T 2
Pl PT1—1
X° = l4+rpo+rn_orn_s3+ ... +rp_0..117

The pricing schedule is now more complex as we need to take into account
possible default at 7. Starting at date 77, there may be multiple equilibria if the
debt is in an intermediate range. In this case there is either a self-fulfilling default
at Ty or no default at T5. But agents now need to make an assumption prior to
T7 about which of these two equilibria will be picked if both equilibria exist and
there is no default decision at 77;. We will consider the worst case scenario under
which agents belief that the default equilibrium will be picked if it exists.

Starting at date T}, the problem is like the one discussed in Section 2 as there
can only be default at 75 if no default decision is made at T;. Using the results
from section 2, the lowest the lowest value of debt for which there is a default

equilibrium is

CsPY(Ty) + rpy_1X°5

bofu) — — 27
o0 B [Pr)a— ) (1= 0)Qn, + AT s D
where
’ P P
X” = rr,—2...T, + (1 — 5)7”T2_2...TT1+1P gl =+ ...+ (]_ — (5)T2_1Pi
L T1+1 To—1
)_(S = 1+ rr,—2 —+ Trry—2T7,-3 —+ ...+ rry—2... T +17T1y
[ 1 1
Spdv(T2) = 1+ —=+——+.. Slow
L Ty T To+1
K 1—-90)k 1-96)°%k
o (o, _(1-9)

+
Ry, RpRppn Ry Rr Ry
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The price at T} — 1 will be equal to

—— (1 — 5)(pﬁlT1;L_ (1 - p)@ﬂ) Tk (28)

where ﬁTl is the payoff at time T} when a default decision is made at T and QTl is
the asset price at T} if no default decision is made at T7. In what follows we derive
expressions for ﬁITl and QTI. These will be functions of by, _;, which therefore
delivers the price schedule.

First consider ﬁTl. If the default decision takes place at T;, we have

1 1
ST = |1+ —+ — + .| Stow
TTl TT1TT1+1

ko (1-90)k N (1—9)%

QTl = = ~ =~ ——= =
RTl RTl RTl +1 RTI RTI +1 RTI +2
We have
~ ~ Spdv(T1>
Hy = if by < = 29
i C>2T1 T = (1 _ 6)QT1 1k ( )
pdv T pdv T
S 2 VY S i 1) (30)
br, (1-0)Qr +~

Next consider Qr,. This is the asset price at T} if there is no default decision
at T1. When by, < by, there will be no default at 7, and
K 1—96)k 1—-90)%k

-0k (1-9)

_ - "
QT RTl RTl RTl “+1 RT1 RT1 +1 RTl +2

When br, > by, there will be default at 7,. The first step is to compute by,

based on debt accumulation from T} to T,. Using the results from section 2 of the

(31)

paper we have

Pr,_1 X"kbr, — X%s

P
b, = (1 — 81 p, +

32
PT2 PTQ QTQ—]. ( )
where
P . P
X“ = Try—2.. T 4171y + (1 - 5)TT2_2...TT1+1P Gl + ...+ (1 - (5)T2 i 1%
Ty+1 To—1
XS = 1+ rry—2 + Ty _orp_3+ ... +1rp_9... T 4171y
When then have w1y
PV (T
Qr_1 = Qb—g (33)
Ts



Using
(1-0)Qi1+ kK
R,
we can then work backward to obtain @Q7,, which gives us Qr,.
The pricing schedule drops down twice, at by, = s*%(T1)/[(1 — 8)Qz, + «] and

at by, = by In order to avoid an equilibrium with default, the debt accumulation

Q=

schedule must cross below the pricing schedule and therefore below these two
points where the pricing schedule drops down. We cannot tell a priori which
of these two points will be binding and therefore follow the following approach.
We first maximize utility subject to the constraint that at by, = sP%(Ty)/[(1 —
8)Qr, + k] the asset price from the pricing schedule is equal to that from the
debt accumulation schedule. We check that at the same time the asset price from
the debt accumulation schedule is no larger than from the pricing schedule at
br, = biow- If this is not the case, it does not represent optimal policy as there will
exist a default equilibrium. We next maximize utility subject to the constraint
that at by, = by, the asset price from both schedules is the same. We then check
that at by, = s (T1)/[(1 — 6)Qr, + k| the asset price from the debt accumulation
schedule is no larger than from the pricing schedule. If this is not the case, there
exists a default equilibrium. There is always an optimal policy solution that avoids
default under one of these two constraints, which represents the binding constraint.

Figure A1l provides an illustration for the case where T} = 10 and T, = 20.
Except for 1 = 1, all other parameters are the same as in the benchmark parame-
terization. The chart on the left shows the maximum inflation rate under optimal
policy for different values of By, while the chart on the right shows the ultimate
price level as a result of the optimal policy. The charts also show results for the
case where T" = 10 and T' = 20 without uncertainty, and ¢ = 1. The thick sec-
tion on the horizontal axis represents the range of By for which there are multiple
equilibria under uncertainty about 7" in the absence of monetary policy, which is
0.84 to 1.47.

The case of uncertainty lies between the two cases without uncertainty. The
range of By for which there are multiple equilibria is shifted to somewhere in
between the two cases without uncertainty, but otherwise the results remain very
similar to those without uncertainty. Unless By is very close to the lowest value
for which there are multiple equilibria, it remains the case that very significant

inflation is needed to avoid multiple equilibria. For example, when By is 1.42



times Bj,w, which is 1.19 and again near the middle of the multiplicity range, the
maximum inflation rate is 20%, while ultimately the price level will increase by a
factor 3.9.

V Interest Rates and Output

There is a limit to how much real interest rates can change and therefore contribute
to help avoid self-fulfilling crises. In the standard model without habit formation

the consumption Euler equation, together with ¢; = y;, implies

1
Y = Y1 — -7 (34>
o
where 7, = iy — Eymy 1 — r™ is the real interest rate minus the natural rate. This

implies
1 oo
Yo = —;Eo ;_0 Tt (35)

If there are large changes in the real interest rate, they will need to be reversed as
the sum of all the changes in the real interest rate is equal to —oy, and g, cannot
change by too much in the first quarter of a change in policy (if it does, the model
should not be taken seriously).

With habit formation the last expression needs to be modified a bit. In this sec-
tion we derive the modified expression. The consumption Euler equation, together

with ¢; = y;, implies
1 —pBn

Yt = Bty — Tt (36)

where
Ut = Yr — NYi—1 — PNE(Ye1 — nyr) (37)

Collecting terms, and removing the expectation operator for future variables in

what follows to save on notation, we have

1-7
(L4 0+ B0 )ye — nye—1 — (L4 B0 + B0 yesr + Bnyrse = — Try (38)
. L4q+ 8 1460+ B 15
4 + By + -
Y1 = 7777 7 Yr — 737 1 Yeg1 + BYrp2 + nrt (39)
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We can write this as

Yt+1 Yi+2 0
Yt =A| ya | + 0
Y1 Yt 1;5777%
where
0 1 0
A= 0 0 1
B — 14+8n+8n2  14n+Bn2
n n
Define
0
a=—A"" 0
1-8n
no
Then
Yit+2 Yt+1
Y | = A7 Yt + ary
Yt Yi—1

We can diagonalize the matrix (A~!)":
(AN = PAP™!

Then
Al =(P)'AP
Define @ = P'a. Then

Y42 Yt+1
P, yt-‘rl - AP, yt + drt
Yt Yt—1
Define
Yt+1
:Ct = P/ yt
Yt—1

Then we have

Tir1 = Aa:t + &Tt
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It turns out that the first and second eigenvalues are explosive (the first one is
larger than 1 and the second one is 1). Call these A\; and Ay. Then the first and

second elements of the difference equation above are

It+1(1) = /\1{L’t(1) + EL(].)T} (49)
T41 (2) = )\2.1}(2) + d(2)7”t (50)
Solving these gives
RN
z(1) = —a(1) )y el (51)
i=0 71
o 1
2(2) = —a(2) ) e (52)
i=0 72
At time zero we can write
RN
mo(1) = —a(1)y ik (53)
t=0 7’1
IR
7o(2) = —a(2) ) vl (54)
t=0 72

Assume that y is zero at time -1 (the shock happens at time 0). Define Z =
(P'[1:2,1:2])"%. Tt then follows that

[e.e]

1 1
Yo=-> (Z[Q, 1]a(1)$ + 7[2, 2]a(2)ﬁ) Ty (55)

t=0

Numerically this is equal to (for benchmark parameters):

Yo = —0.58r¢9—0.73r1 —0.831r5—0.89r3—0.93r,—0.95r5 —0.97r6 — 0.98r7 —0.99r5 — ...

(56)
Further coefficients are very close to -1. Except for the first two or three coefficients,
there is not a lot of difference relative to the case without habit formation. The
first couple of coefficients are smaller as consumption responds less with habit
formation. This allows for larger changes in the equilibrium interest rate for a given
change in yo. But it remains the case that the sum of the interest rates cannot
change much. For the benchmark parameterization y, = 0.0157 corresponds to
the sum above when we plug in the solution for the real interest rates (everything
is in deviation from steady state). Much larger real interest changes imply that
output in the first quarter rises by much more than 1.57% (6.3% on an annualized

basis), which is implausible.
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