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This Online Appendix has two sections. Section A develops a full general
equilibrium model. Section B develops the algebra associated with the model with

long terms bonds in Section 4 of the paper.

A General Equilibrium Model

We first describe the model, then the first-order conditions, followed by lineariza-

tion and the solution.

A.1 Model

There are two countries. Each country has a continuum of agents on the interval
[0,1]. There are overlapping generations, with agents living two periods. Agents
make decisions about consumption, portfolio allocation and price setting. When
young, agent ¢ in the Home country produces Home good i. Output is equal to

labor Ly (i) supplied by the agent. The good is sold in both countries:
Lp(i) = xp,(i) + 27 ,(7) (A.1)

w(i) and 27 ,(7) are the quantities sold in the Home and Foreign countries by
agent ¢ from the Home country. The revenue from selling the good, measured in

the Home currency, is
Yia(i) = Pra(i)zn (i) + SiPr (i), (i) (A.2)

Here Py 4(i) is the price of Home good ¢ in the Home market in the Home currency
and P (i) is the price of Home good i in the Foreign market in the Foreign
currency. The nominal exchange rate S; is measured as Home currency per unit
of the Foreign currency.

The assets of agent i are equal to saving when young:
Ap (i) = Y (i) — BCY (i) — tazw, (A.3)
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Here P, is the consumer price index and C%,(¢) is a consumption index (defined
below) when young at time t. taxpy, is a nominal lump sum tax. The assets are
invested in Home and Foreign bonds and the returns are consumed at time ¢ + 1:

o (s A (i)
(i) = RIS ()24 (A1)
t
where the portfolio return is
. St e ol P
REL(0) = |zma(0) glef 1 (L= za(i) e Pt; + T (A.5)

Here zp+(7) is the fraction invested in the Foreign bond by agent i from the Home
country. The nominal interest rate is 7, for the Home bond and ¢ for the Foreign
bond. There is a cost 7, of investment abroad that is reimbursed through a lump
sum Ti4;. (A.5) corresponds to equation (3) in the paper.

Agent i in the Home country maximizes

O (0) + In(CH () = OL(0)" — 0.5¢ (2m1(0) — 20-1(0))?
—0.5¢v(Pr1(i) — Prre-1(i))* = 0.5(1 = @)v(Pp, (i) — Ppy_1(i))* (A.6)

Here Cgffl (i) is the certainty equivalent of consumption C% (i) when old, de-
fined as )
O,CE . ) . 1—’)/ 1—

CH,t+1(l) = [Et (OH,t+1(Z)) ] ! (A7)
There is a cost of both portfolio adjustment and price adjustment. The cost of
portfolio adjustment is the same as in the paper and depends on the parameter
1. The cost of price adjustment depends on v when sold in the Home country
and (1 — ¢)r when sold in the Foreign country. Here ¢ is the fraction spent on
domestic goods. For given prices, agent ¢ will supply the labor L ,(i) needed to

produce enough of the good to fullfil all demand by Home and Foreign agents.
Consumption is a Cobb Douglas index of Home and Foreign goods:

Clin)\ " (Chira )
cz,m):(T’”) (Tfp)) (A9

where k = y, 0 stands for young and old consumption. CJ;,(7) and Cfyp (i) are

consumption of respectively Home and Foreign goods by Home agents. They are



CES indices of individual Home and Foreign goods:

1 G
%mm:<ocmﬁmu@) (A.9)
1

p—1
©

Chrli) = [ Chrsu) ) (A.10)

where Cfpy 5, (i) is consumption of Home good j by Home agent i and Cf,;,(4) is
consumption of Foreign good j by Home agent 4, both in group &k (young or old).
Also denote by P, the overall consumer price index in the Home country, Pp; the
price index of Home goods in Home currency and Pp, the price index of Foreign

goods in Home currency:

P, = P§,Pp.* (A.11)
1
1 T
Py = (/ PH,t(j)ludj) (A.12)
0

1 e
Pr; = ( / PF,t(j)l—de> (A.13)
0

The notation is again analogous for Foreign agents. Foreign agent ¢ sells x5,(7)

and 27,(i) in respectively the Home and the Foreign country and
Lp(i) = wpe(i) + 25,(1) (A.14)

Revenue, measured in the Foreign currency, is

Viali) = AL 4 p iy, (i) (A.15)

where Pp,(7) is the price of Foreign good i in the Home country in Home currency
and PF*,’t(i) is the price of the Foreign good i in the Foreign country in the Foreign
currency.

Assets of the young are
AF’t<Z.) == YFJ(Z) — .Pt*c%’t(/l/) - tCLZ'F’t (A16>

Then consumption at ¢t 4+ 1 is

Apy(i)

b (A.17)

Chua (1) = R (0)




with portfolio return

*
St ithF,t Pt + T*
S P t+1
t+1 t+1

RYL(0) = 2me(D)e + (1 — 2pa(i) (A.18)

Here zp, (i) is the fraction that Foreign agent i invests in the Foreign bond. The
cost 7p; of investing in the Home bond by Foreign investors is reimbursed through

the lump sum 7} ;. Foreign price indices, denoted in the Foreign currency, are

Py =(Ph) 7 (Pry)* (A.19)
P = ([ ) ) (A.20)

Pry = (/01 (Pr.()) " dj) - (A.21)

The real value of the bond supply is assumed to be fixed at 1 in both countries.
A constant real bond supply is accomplished through the nominal lump sum tax,
tax s in the Home country in the Home currency and taxp; in the Foreign country
in the Foreign currency. The real bond supply is constant by assuming that the

real value of the tax equals the real interest on the government debt:

P

taxy, = P, (e“l =1 1) (A.22)
P
S P*

tarp, = P/ (eztl sl 1) (A.23)
P

Finally, bond market clearing conditions are
1 1
/ ZH,t(Z)AHjt@)dZ + / Zth(Z)StAF,t@)dZ = Pt*St (A24)
0 0

/0 (1= 2310(0)) A (i) di + /0 (1= 2ps(i))SiAra(i)di = P, (A.25)

Because of Walras’ Law, we only need to impose the first of the two asset market

clearing conditions.

A.2 First Order Conditions

Agents make decisions about consumption, portfolio allocation and prices. The
first-order condition for consumption can be obtained by maximizing

1
-7

Choli) + B, (R (ymali) — Choi) — tazm/P)) (A26)
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where yp (1) = Yi.(i)/P;. This gives

E R (1) (amy(i) ™

— =1 (A.27)
B (R (an(i))
where apg (i) = Ap.(i)/P;. The solution is

Analogously, for the Foreign country we have ap;(i) = 1. It is then also immediate
that aggregate demand for bonds is equal to the aggregate supply of bonds by
adding (A.24) and (A.25) and using Ay, = P, Apr = P/.

When choosing the optimal portfolio share, Home agents maximize

B (BE0) = 050(2mald) — 201(1)? (A.29)

1—7

The first-order condition is

2l . ‘
E; ( RY; 1(2) <el:+5t+1*5t*TH,t77rt+l o ezt,ﬂtﬂ)
< + ) = 1—v _w(ZH,t(i)_ZH,t—l(i)) — 0 (A30>
E, (3541(@'))

where 1,1 = pi1—py is inflation and lower case letters denote logs. The analogous

first-order condition for Foreign agents is
E RP7F(.) - ( i;“—w:+1 . it+5t—5t+1—TF,t_7Tz<+1)
e | R (e e €
p,F 1=
E, (R G)

where 7}, = p{,; — p; is inflation in the Foreign country in the Foreign currency.

_w(ZF,t@) _ZF,t—l(i)) =0 (A31)

First-order conditions for goods demand are

PH,tCIJEIH,t(i) = @Rfoz,t(i> (A.32)
PF,tCIkJFt(i) = (1 - )Ptollir,t(i) (A-33>
Chansald) = (T8~ (A34)
Chrsu) = (P52}l (A35)



Analogously, for Foreign agents

PI*{,tCIIf"H,t(j) = (1 - SO)Pt*CII?,t(j) (A-36>
P}’;’tC’pr,t(j) = (th*Cf,ﬂ’t(j) (A.37)
oo (P@\ "
C?H,j,t(]) = ( Pi C?H,t(]) (A.38)
Hyt
Pry@)) "
* . F’ .
C?F,j,t(j) = <P+> CIIgF,t(j) (A.39)
Fit
Agent 7 in the Home country then faces the following revenue from Home good
i
o~ Yu.(i e et [N _ o N
i) = 220 = o (P Pt [ 0) + O d
0

=) (Piei)' ™ ()" 255 [ (Cr)+ o) 4 (a0

Labor supply is equal to the quantity sold in both markets:

Liza(i) = ¢ (Pus(i)) " PI P, / (Ch, () + Co())

1
v ) — RS R . 0 /AN -
+(1 =) (Ph,(0) " (Pre)" Pt/ (Che(h) +Cra)) di - (A41)
0
The Home agent 7 sets prices to maximize

Y (1) = O L (1)" — 0.50v(Prs(i) — Prrp—1(1))* — 0.5(1 — @)v(Ppy, (i) — Pryy_y(1))?
(A.42)
Using the expressions for yp (i) and Ly (i), the first-order conditions for price

setting by Home agent ¢ are (after dividing by respectively ¢ and 1 — ¢):
1
(1= ) (Pud) ™ Pl [ (Choli) + )

L () (Pa(i) ! PLP, / (Ch,() + Cop) di
—I/(PH’t(Z') — PH,t_l(i)) =0 (A.43)

and

(1= (Paa0) ™ (P 55 [ (€t + Cuti)

opn L ()" (P (D) " (Ph)" Py / (Ch,() + Cou(5)) dj
—u(Pfy,(i) — Pl (i) =0 (A.44)



Analogous first-order conditions can be derived for Foreign agents. Agent 7 in

the Foreign country faces the following demand yp4(i) = Yp4(7)/ P}

i) = (1= ) (Peeli)) ™ P i [ () + Cui)

o (Pri) ™ (P! / (CL() + Co)) di (A.45)

Labor supply is
1
Lra(i) = (1 = @) (Pra(i)) ™" Pp; ' P / (Che() + Chra(5)) di
0

1
* A\ T * -1 * 15} . .
i (Prli) ™ (PR R [ (Chli + Cri) 4 (A46)
Foreign agent ¢+ maximizes

yre(i) = OLrs(1)" — 0.5(1 — @) (Pra(i) — Pry-1(i))* — 0.5¢0(Pry (i) — Pry_y(i))?
(A.47)

The first order conditions are then

(1= 10 (Pral0) ™ P 5 [ () + Ciai)

+oun(Leg (i)™ (Pra(i)) ™~ PP, /0 (Ch.(5) + Co. () dj
—v(Ppy(i) — Ppe—1(7)) =0 (A.48)
and
(1= (Piali) ™ (2" [ (CR) + ) d
(L (i) (Pr () ™" (Pr)" T Py / (CL,G) + Ce,(3) dj

—v(Ppy(i) = Pry (i) = 0 (A.49)

A.3 Linearization

The linearized price indices are

pr = ¢pus + (1 — @)pry (A.50)
pi = (L= @)Pirs + ©Pky (A.51)
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Define p1 ¢ = put — py and pay = plyy — pre- Then
Pe=pe—p =¢p1e— (1 — @)pa (A.52)
and the log real exchange rate is
qt = St — Pt (A.53)

We will use that all agents in the same country (of the same age) will make the
same decisions. Therefore zp (i) = zp,, etc. Using that Ay, = P, and Ap; = P/,

the Foreign bond market clearing condition is
ZH,tPt + ZF,tStPt* = StPt* (A54>

Dividing by P;, we have
2ag + 2@ = Q4 (A.55)

where QQ; = S;P;/ P, is the real exchange rate. This corresponds to equation (10)
in the paper. We linearize around a real exchange rate of 1 and zp; = zZp = 1 — zg,
where Zy is the steady state portfolio share invested in the Foreign asset by Home

agents (defined below). This gives
2t = 0.5(zp + 2p4) = 0.5+ 0.5Z5¢ (A.56)

This is the same as equation (11) in the paper.

In order to linearize the first-order conditions for price setting, we need to
discuss the steady state around which to linearize. As in many monetary models,
the steady state price level is not determined. We will linearize around price levels

of 1. From the first-order condition for price setting, the steady state labor supply

Normalize ¢ = (u — 1)/(un) such that L = 1. Then the steady state income is
Y = 1. From goods market clearing it then follows that C¥ + C° =Y = 1. Using

this, the first-order conditions for price setting are

in both countries is

(Pt - pH,t) + (77 - 1)lt - D(pH,t - pH,t—l) =0 (A-58)
(Pt = Py — s0) + (0 = Dl = v(ppry — Prry—1) =0 (A.59)



where

U=
(n—1)
We can also write these as

pat = (1 — K)pgsi—1 + k(pe + (n — 1))
p;I,t =(1- ”i)p*H,t—l + k(pe — s¢+ (n — 1)1y)

where
1

K= —
14+ v
Analogous first-order conditions for Foreign country price setting are

pre = (1 — K)ppe—1 + 6(p; + s¢ + (n — 1)I})
pre = (1= K)pp, 1 + k(p; + (n — 1))

These first-order conditions imply

pi=1=kK)pa+r@+ -1 —1))
P2y = (1= K)poy—1 + K (Pr — 28 + (n — 1) (I = 1))

(A.66)
(A.67)

From hereon we will let n — 1. This simplifies as the last term, which depends on

ly — Iy, drops out. Then

Pr= (1= K)p—1 + (20 — 1)spy + 2(1 — @)k,

o _ 11—k _ 2(1 — @)k
Ty s ot N G P e
Define
. 2(1 - )k
YT - 200k
Then

Pr= (1 —w)pr1 + wsy
Finally, the Home first-order condition for portfolio choice implies

. p,H . D
Etez;”rsﬁﬂ —St—T—M41 VT Etemerl —VTi1

— Uzt — z2g4—1) =0
Ete(l—v)rfﬁ Ve = 2aa-1)

(A.68)

(A.69)

(A.70)

(A.71)

(A.72)



Take the expectation, using log normality. The first term then takes the form
(e™ — e%2)/e%. Linearizing this around all a; = 0, this becomes a; — ay. This

procedure gives

Ei (st41 — st + iy — iy — Te)+0.5var (sp11) —cov(Sey1, 7rt+1—|—’yrfﬁ)—z/J(zH,t—zH,t,l) =0
(A.73)

The linearized portfolio return is
Tf—’i-kll = ZH,t(St—i-l — St + Z:) + (1 — ZH,t)it — T¢41 (A74)
Substitution into the first-order condition gives

Ey (st41 — s¢ + 1y — iy — 7)) H(0.5—yzm s )var(si1)—(1—7)cov(sis1, Prv1) =Y (2a—2m4-1) = 0

(A.75)
The steady state portfolio is then
sy — 05 T Y — 1 cov(Ser1, Pei1) (A.76)
v a4 var(si)
This corresponds to equation (8) in the paper.
In deviation from steady state we have
r .

ZHt — ZH = werie = 7o) (2H4-1 — ZH) (A.77)

o2+ ¢ Vo2 + ¢

where 0 = var(si1), ery1 = Sip1—Si+if —ip and 74 = 7, —7. This corresponds

to equation (7) in the paper. The analogous equation for the Foreign country is

Et(eTtH + 7A'F7t) + w

11—z A.T8
~yo? + ) yo? + iﬂ(ZF’t 1= ) ( )

ZFt — ZF =
where Zp = 1 — Zgy by symmetry and 7g; = 7p; — 7. This is equation (9) in the

paper. It follows that

Et(st-i-l — St + ’L? + 0.5TtD) 'QD

A
~0.5=
E yo? 4+ vo? + 0

(21, —0.5) (A.79)

where i =i} — i, and 7° = 75y — TH,.
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A.4 System of Equations

Based on the results above, we end up with the following system in s;, p; and z;*:

2 = 0.5+ by (A.80)
Pr= (1 —w)pr1 + ws; (A.81)
Ey(spe1 — s + i + 0.57°) )
A t\ot+1 t t t A
— Vo= —0. A.82
zi — 0.5 - +702+¢(zt,1 0.5) (A.82)

where b = 0.5Zy.
Substituting (A.80) into (A.82), we have

Et(8t+1 — S + ’ltD + 0.5TtD) 1/1()
bq, = _ AR3
dt ~o? 1 ~o? 1 th 1 ( )
Define the real interest differential as
ry =iy — By(my — min) (A.84)
Then (A.83) becomes
Ei(qi1 — g +rP +0.577) b
bq, = _ A .85
qt ~0? + 9 ~o? + ¢Qt 1 ( )
We can write this as
EtQH-l — 9% + Q/qut—l + ’r’tD + 057'tD =0 (A86)

where 6 = 1+ 1b + yo2b. This corresponds exactly to equation (12) in the paper.
Finally, from (A.81) we have

Pr— Pr—1 = w(st — Pr) + w(Pr — Pi-1) (A.87)
Now use that p; — p;_1 = —72, where 7° = 7} — m;. Also use that s; — p; = ¢;. It
follows that
D W
= - A .88
T 1_ th ( )

In the special case where w = 1 (perfectly flexible prices), we have ¢, = 0.
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A.5 National Intertemporal Budget Constraint

In a symmetric two-country model (as we assume here as well), Tille and van
Wincoop (International Capital Flows, Journal of International Economics, 80(2),
157-175, 2010) show that the net external debt of a country is equal to the present
discounted value of trade surpluses, plus a term that is equal to the steady value
of gross assets=gross liabilities times the present discounted value of the excess

return on external assets over liabilities:
—NFAp, = PDV(TApn,)+ ZuPDV (ery) (A.89)

where NF Ay, is the net foreign asset position of the Home country (so that the
left hand side is the net external debt), T Ay, is the Home country trade account
and Zpy is the steady state share that Home investors hold in Foreign bonds, which
is also the steady state gross asset (and gross liability) position. Intuitively, a
country with a net external debt either needs to pay it back by running future
trade surpluses or by earning higher returns on external assets than paying on
external liabilities. Here we will discuss how the adjustment to an increase in r”
occurs within the context of this intertemporal budget constraint.

In what follows we use that in equilibrium all agents within a country are
identical and therefore omit the notation for individual agents. First consider the
net foreign asset position at time t, NF'A;. We will express all variables in the
Home currency and divide by the Home price index P;. So nfa, = NFA;/P,. We

have

1
nfat = F (ZH,tAH,t — (1 — ZF,t)StAF,t) (AQO)
t
We found Ay, = P, and Ap; = P;. Therefore
S, P
nfa, =z — (1 — zpy) tPt =zt — (1 — zps)Q: (A.91)
t

This is equal to zero by the bond market clearing condition (10) in the paper.
Therefore the left hand side of (A.89) is zero. Intuitively, one can also think of
the net foreign asset position as half of Home minus Foreign wealth minus half of
Home minus Foreign asset supply. In the model both relative Home wealth and
relative Home asset supply are P, — S;P. The wealth of both countries is equal
to the value of their bond supply.

Before we turn to the trade account, it is useful to do some further balance of

payments accounting as a check on the equations. One useful identity is NF Ay, =
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CAp+VALp,, where CAp, is the Home current account and V ALy, stands for
the Home country change in the net foreign asset position due to valuation effects
(on external assets minus liabilities). First consider the current account, which
equals saving. Start with government saving, which is equal to the tax revenue
minus the interest payments. The real value of the bond supply is 1, so that the
nominal bond supply in the Home country at ¢ — 1 is F,_;. The government then

needs to pay interest at time ¢ of
Py (et — 1)

Tax revenue is in equation (A.22). Government saving is then P, 1 — FP;. So real

government saving is
by — P

B
Next consider saving by the agents. Saving by the young is equal to 1 in real
terms (ag: = 1). Saving by the old is equal to their interest income minus their
consumption. First consider interest income. In terms of the Home currency, the
current old accumulate Ag;—1 = P,—; in assets at t — 1. They receive interest on

this that is equal to

Py 1S, s

Pt—l(]- — ZHﬂg_l)(eit*l — ].) + ZHt—1 S (6”‘1 — ].) (A92>
t—1

The first term is interest on the Home bond, while the second term is interest on
the Foreign bond, both expressed in the Home currency. In addition they receive

the principal
Pt—l St

St

They consume both the interest and the principal. Their saving is therefore minus

P (1 —zpi—1) + 2mi—1 (A.93)

the principal. Dividing by P, and also adding real government saving and real

saving by the young, total real Home saving is

e S
SaVingmy + 2 + P

S
(1 — ZHi-1 T ZH7t_1S i ) (A.94)
t—1

This is equal to
Py Si— S
Hi-1""q
I ' Si-1

Next consider valuation effects. These only apply to external assets, which are

(A.95)

Savingmg = —

denominated in the foreign currency. Home agents start with zg ;1P of these

13



assets at t — 1. At time ¢ they are worth

Sy
ZH -1
TS

Py

The change in their value, divided by P;, gives the real valuation effects:

val, = 2 Sy — Si—1 Py
t — t—1— 5
’ Si—1 Py
Clearly
savingg+ + val; = 0 (A.96)

Since the change in the net foreign asset position is zero, and the change in the
N F A is equal to the current account (saving) plus valuation effects, this sum must
indeed be zero.

For what follows it is also useful to have an expression for linearized saving:
savinggy = —Z(8; — $4-1) (A.97)

where Z = Zy. We also have zZp =1 — Z.

Next consider the trade account. It can be computed in two ways. One is to
simply substract net investment income from the current account. The other is
as exports minus imports. We will do it both ways as a check on the equations.
Start with net investment income. As already discussed, the Home country earns
interest in the Foreign bond equal to

P_1S;, .
ZH -1 ; ! t(e%’l —-1)
t—1

Consider the interest that Foreign agents earn on Home bonds. They start with
wealth of Ap;_y = P}, in Foreign currency, which is S;_; P/ ; in the Home cur-
rency, of which they invest (1 — zp;—1)S;—1 P in the Home bond, which delivers
interest income

(1— ZFVt_l)St_lPt*_l(eitfl -1)

Net interest income, divided by F;, is then

. P S " A
nig, = ;31 (szt_l t (e't1—1) — (1 — zp4—1)Qi—1(e"" — 1)) (A.98)
¥

St—1

Linearizing, we have
nigy =z (i;_y — i¢_1) (A.99)
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Then
tapg, = savinggy — Nigy = —Z2(S¢ — S4—1) + 2 (z’,f_l — it_l) = Zer, (A.100)

Alternatively, we can compute the trade account as exports minus imports,
which is
TAuy = 5:Py,xy, — Pravry (A.101)

Here a7, and xp, are the quantities that the Home country sells abroad and the
Foreign country sells in Home. Using expressions for these quantities in Section

A2, we have

TAn,
2

= (1= 9)Q: (Cpy + Chy) —(1—¢) (Chy +Chy)  (A102)

tCLHﬂg =

Using the fact that steady state consumption by the young plus the old is 1, this

linearizes to
tage =1 —@)g+ (1 —¢) (Chy + Chy — Chy — Cr) (A.103)

Obtaining expressions for consumption is not easy. Using that Ay, = P, and
Ap, = P, we have

taxy
cY, = — ~ —
Ht YH t Pt
taxp,
Clyw,t = YFrt — Py —1
Use that
Y = SD(CJZL/I,t + Cloﬁl,t) +(1- @)Qt(CIZ{it + Clg,t)
1 (0] (0]
Yrt = (1- ‘P)@(Clyi,t + CH,t) + 90(013{11& + CF,t)
Therefore
Y y Yy o 1 y o P i Pt
Ch~Ch, = (p=(1=0)Q)(ChACE)H(1=9) 5 =0) Ch ) =i et
t

Linearizing, this becomes

C%t_clyi,t = _2(1_‘P)Qt+(2‘?_1)(0%,t+0%,t_0?1,t_ JOLI,t)_ith—l_p:—1+p:+pt—1—pt
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where iP = i} — ;. It follows that

290 —1 o 0 1 . * *
Cpy—Cliy = —CIter( Pt~ H,t)+m (=il = Py + 1)+ P — i)
(A.104)
Therefore
Yy Yy o o 1 ) o 1 -D * *
CF,t_CH,t+CF,t_CH,t = _Qt+m(CF’t_CH’t>+m (_thl —Pi1 TPy T D1 — pt)
(A.105)
We have
Sy , P,
IO—I,t = (ZH’t_lsttl e'-1 4+ (1 — ZH7t—1)€Zt—1> ]tatl
o i St—l i P*_l
Py = (ZF7t1€ t=1 4+ (1 — zps_q) S, e H) ;)—t*
Linearizing, this becomes
CJOLI,t =Pi—1— Ptz (St — St—1 + i:_l) + (1 —2)i4
Fi =D —pi + 201+ 81— s) + (1= 2)ip
Then
}07,15 - JOLI,t = p:—l - p;:k —Pi—1+pet+ (1 - 25)i15D_1 — 25(875 - St—l)
Substituting this into (A.105), we have
1 .
C’%t - C?{,t +C%i = Chy = —aq: — T @2(2? + 8 — S4-1) (A.106)
Substituting this into (A.103), we have
tag, = —Zzery (A.107)

This is indeed exactly the same as (A.100).

We can now turn to the intertemporal budget constraint (A.89). Notice first
that this intertemporal budget constraint is indeed satisfied. The left hand side is
zero, while the right hand side is the present discounted value of the trade account
plus Z times the excess return. Since in each period the trade account is equal to
minus Z times the excess return, this clearly holds. Now consider a rise in r” in

the model. Our analysis has shown that this leads to a period of positive excess
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returns on the Foreign bond, followed by negative excess returns on the Foreign
bond. Positive excess returns on the Foreign bond imply from our trade account
solution that the trade account is at first negative. Later on, when excess returns
on the Foreign bond turns negative, the trade account becomes positive.

What accounts for the initially negative trade account? Note that there is
no expenditure switching in the model as there is pricing to market. The initial
depreciation of the Home currency in response to a rise in 7 does have the effect
of raising the export price when converted to the Home currency. This by itself
would raise the trade account, which of course cannot account for the actual drop
in the trade account. The latter is instead caused by a rise in Home consumption
relative to Foreign consumption, raising Home imports relative to exports. The old
generation experiences relatively high returns in the Home country and low returns
in the Foreign country when the Home currency depreciatiates. This raises relative
Home consumption by the old, as seen from (A.5). The relative high consumption
by old Home agents also raises the relative income of young agents in the Home
country. As a result of home bias in the goods market, the old agents in the Home
country raise their demand for Home goods more than for Foreign goods. We
can see from (A.104) that relative Home consumption by the old indeed depends
positively on relative Home consumption by the young. So to summarize, the
balance of payments adjustment operates mainly through the effect of the exchange
rate on asset income by the old, which they consume, and through excess returns
on Foreign bonds, which corresponds to an an excess return on external assets
minus liabilities for the Home country. While the Home country is at first running
trade deficits in response to a rise in r?, they pay for this through the positive

excess return on the Foreign bond.

B Algebra for Section 4 of the Paper

B.1 Optimal Portfolios

Home agents maximize

Crre +In (BCHI) T — 0 (2mie — 2mis-1)° (B.1)
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subject to

Crpyr = By + zm iy (%Rie””t — Rt) + ZHp24 (Qg;l RtL—i-*l TTH L Rt) +
¢
ZH3,t (RtJrl Rt> + E+1 (B2)

The aggregate of the cost of investing abroad is reimbursed through 7}, so that
in the aggregate

Q41 Qi1 1
Crpr = R+ zm14 (—R* Ry )+ 2z TRt—S — Ry | +zu3: (Riy — Re)
t
(B.3)
Define 2 as a deviation from 2y 44, so for example 2y 1, = 214 — 24 First-

order conditions for optimal portfolio choice are then

ECyi (QCSH Rye ™t — Rt) = 0.5¢ (210 — ZH10-1) (B.4)
ECyt (%“ng TTH L Rt) = 0.5¢(3gos — 2mos1)  (B.5)
Ey I:Tt—&-l (Rt—l—l Rt) =0.5U(Zm3t — ZH3t-1) (B.6)

Denoting logs with lower case letters, define the three excess returns over Home

short term bonds as

eri sl = Qey1 — Qe + 177 — T4 (B.7)
erat+1 = qe+1 — Gt T TtLﬁ — T (B.8)
T3 =Ty — T (B.9)

We can then rewrite the first-order conditions as

Eye  YCHtTeri =Ty _ [ o= VCH e — O-5¢(§H,17t — 2H,1,t—1)6_” (B.10)
Ete_’YCH,t+1+e7'2,t+l_TH,L,t _ Ete—’YCH,t+1 — 0'57#(2&2’1& _ 2H,2,t—1)6_” (B.ll)
EteifycH’t+l+er3’t+l — Etei’ycH’t-H = 0.51#(2?}[73’{/ — 2H,3,t71)67” <B12>
Using log normality of consumption and returns to compute expectations of expo-

nentials and then linearizing (around zero values of exponents), we can write this

as

Eerii41 — Tt + O.5af —ycov(ery i1, Cair1) = 050 (Zpas — Zmae—1) (B.13)
Eiersii1 — oo + 0.505 — yeov(era i1, Cai1) = 0.50(Zmar — Zpas—1) (B.14)

EteT3,t+1 + O5U§ - ’yCOU(BTg,t_H, CH,t—i—l) = 0.5@0(2]{73775 — ZA’H737t_1) (B15)
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where o7 = var(er; 41).

Log-linearizing (B.3), we have
CHt+1 =Tt + ZH14€T1,041 T ZH2,0€T2441 + ZH,3,4€73,t41 (B.16)
The first-order conditions then become

2 2
Eerippn — T +0.507 — Y2H1401 — V2H2,:012 — V23,013 =

0.50(Zr1t — ZH1,0-1) (B.17)
Eersppn — TaLe + 0.503 — YZH14012 + 72H72,ta§ — YZH 31093 =

0.5¢0 (224 — ZH2,4-1) (B.18)
Eiers 1 + 0.503 — YZH1,4013 — YZH2,t023 — ’YZH,3,tU§ =

0.5¢(2m31 — ZH3,0-1) (B.19)

Here o;; is the covariance between er; ;.1 and er; 1.
I !/ _ ! A
Define er;;; = (67“1,t+1, €T2t4+1, 67‘3,t+1) and Zg:y = (ZH,l,t, ZH2,t) ZH,3,t) - ZHy
subtracts zp 4, from each element of zg;. Then we can write the three first-order

conditions for Home agents compactly as

THt
Etert+1 — TH,L,t + O5dlag(2) — 'YZZH¢ = O5¢(2H,t — iH,t—l) (B20)
0

where X is the variance of er;, .

Next consider the Foreign country. We have

Cris1 = Ree™ ™ QQt + 2p <Rf — R QQt ) + 2rag (RtLﬁ - RteTF’tQQ—t> +

t+1 t+1 t+1

L —TrLt Qt —TRt Qt
zpas | By e Tt —— — Rye” ™"
( + Qt+1 Qt-‘rl

The cost of investment abroad is reimbursed through 77, so that aggregate For-

)+ 12 (B.21)

eign consumption is

Crit1 =Ry @ + Zr1g (Rf - Ry @ ) + Zrat (RtL:l — Rt&) +

Q41 Qi1 Qi1

Qy Q¢ )
2 RE . _R B.22
F73’t( i Q41 tQt-H ( )
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First-order conditions for optimal portfolio choice are

Ey(Cpig1)™"” (R: — RtG_TF’t&) =0.5¢(2p1s — Zr14-1) (B.23)
t+1
Ei(Cpis1)" (RtLJS — Rye” 0 @ ) = 0.5¢(2p2+ — Zp2t-1) (B.24)
41

E(Crypr) (Rfﬂe—w«t& - Rte_TF’f&) = 0.5¢(2p34 — 2p3s-1) (B.25)

t+1 t+1

where 2+ = 2pi+ — 2ras. We can then rewrite the first-order conditions as

Eye 1erttt — e YR =1~ —

A ~ —r*
0.51/}(2}7,1’,5 — ZF71’t_1>6 t (B26>
Ete*WCF,tHJre?"z,tH*6?1,t+1 _ EtefwcF,tH*em,tH*TF,t —

*

0.5¢9(2p2s — Zroi—1)e (B.27)
Ete—"/CF,t+1+6T3,t+1—67’1,t+1—TF,L,t _ Ete_'YCF,t+1_erl,t+1_7'F,t —
0.5¢(2p3 — 2pae1)e (B.28)

Assuming again that consumption and returns are log-linear, taking expecta-

tions and then linearizing (around zero values of exponents), we have

2
Eiery i1 + Tre — 0.507 — yeov(ery i1, Cpit1) =

0.5¢(2r14 — 2P14-1) (B.29)
Eerg i1 + Try + 0.50% — 019 — yeov(ers i1, Criv1) =

0.5¢(2p2t — Zr24-1) (B.30)
Eiers i1+ Try — Teps + 0.505 — 013 — ycov(ers i1, Crii1) =
0.5¢(2r34 — 2FP3,4-1) (B.31)

Log-linearizing (B.22), we have

*
CRi41 = Ty — €71 441 + ZF1,ET1 041 + 2F2,4€T2, 041 + ZF3.4€73 141 (B.32)
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The first-order conditions then become

Eeri i+ Tre + 0.50% —(1- 7)0% — ’)/ZF717tO'% — VZF24t012 — VYZF3,t013 =
0.5'(#(21:,1715 - 2F,1,t71)

Eter27t+1 + Tre + 0.503 - (1 - 7)012 — YRE1t012 — ’yZF,Zta% — YZF3,t023 =
0.5¢(2p2t — Zr24-1)

Eiersivn +Trpy — Trpe + 0.503 — (1 = 9)0o13 — V2F1,4013 — V2F2,t003 — WZF,s,tU;%, =

0.5¢(2r3: — Zr34-1)
We can write these first-order conditions compactly as

TFt
EtertH + TF,t + 05dzag(2) — (1 — ")/)21 — PYEZF,t = 0.51#(2}7# — iF,t71>

Trt — TE Lt

(B.33)
where zp; = (2p1,4, ZF24, 2r3¢) 1S the vector of portfolio shares of Foreign agents
and zp; subtracts z4, from each element of zg,;. > is the first column of X.

Taking the average of (B.20) and (B.33), we have

Tit

)

1 1 N .
Tox |+ §dzag(2) ——(1=-v)% - nyzf = O.5¢(ztA — zf‘_l) (B.34)

1
EtertH + = 9

2
T3t

where z! = 0.5(zy;+2r;) and 2 = 0.5(Zy,+2r;). The relative taxes are defined

as Tyt = Trt — THty T2t = TEt — TH, Lt and T3t = TFt — TF Lt

B.2 Market Equilibrium

Next impose asset market equilibrium:

B.35
B.36
B.37
B.38

s
2+ Qezrae = Qi
L,x
Zros + Qizrar = QP by
L
Zuse + Qizrse = Pby

s
Zhar+ Qizpar = b

(B.35)
(B.36)
(B.37)
(B.38)

Here b° is the real supply of short-term bonds in terms of the purchasing power

of both countries, while b, is the quantity of long-term bonds in both countries.
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Adding up these market clearing conditions, we have
(1+Q)(1 =% =1b, <QtPtL’* + Pf) (B.39)

The steady state value of b, must then be b = (1—b°)/P* where P* = k/(R—1+96)
is the steady state long term bond price. It follows that bP* = 1 — b°. We refer
to bPL as b*, the value (in terms of purchasing power) of long term bonds in both

countries. Therefore b° + b* = 1. Furthermore, linearizing (B.39) gives
by — b= —bp* (B.40)

where ptL A = 0.5(pL + ptL ™) is the average log bond price in deviation from its
steady state. (B.40) is not important in what follows as excess returns depend on
relative log bond prices, not average log bond prices. Since there is no investment
in the model, world saving (private plus government) must be zero in equilibrium.
(B.40) makes sure that this is the case. There is no endogenous mechanism in the
model to equate world saving to zero.

In log-linear form the first three market clearing conditions are then

S S 0
z; =05 oL | +05| b | q —0.5zpq +0.250" | —plP (B.41)
b 0 p?

where Zp is the steady state of zp, and ptL e pl — ptL ™ is the relative log long

term bond price.
Since the steady state portfolio shares zg enter in (B.41), we need to say some-
thing about them. We will relate them to portfolio home bias. Let Zy; and Zp;

be the steady state portfolio shares of Home and Foreign agents. By symmetry

EH,l + ZH,4 = EF,l + 2F,4 = bS (B.42)

Zg2 + 23 = Zp2 + Zrp3 = b* (B.43)

So both Home and Foreign investors invest a fraction b° in short term bonds and
a fraction b” in long term bonds. Within short-term bonds and within long-term
bonds, the extent of average home bias is determined by the mean values of the
taxes on short and long term bonds of the other country, 7 and 7,. We can vary

these to to set home bias at any value for both short and long term bond. Denoting
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home bias as h for both short-term and long-term bonds, we have

> S > S
hopo /b Zea/0 (B.44)
0.5 0.5
Zio/b" Zps/b"
h=1—-—"—=1-—- 22— B.45
0.5 0.5 (B.45)

Define “foreign country” as the country other than where the investors are located.
There are four ratios in these expressions. The ratios in the first equation have
as numerator the fraction of the short term bond portfolio invested in foreign
short term bonds. The denominator is the short term bond supply of the foreign
country as a fraction of the world short term bond supply. The ratios in the second
equation are the same, but for long term bonds.

Therefore

Zia1 = Zpa = 0.5(1 — h)b° (B.46)
Zho = Zpz = 0.5(1 — h)b" (B.47)

These equations, together with (B.42) and (B.43) map the home bias parameter

h into all steady state portfolio shares in both countries. We have

Zia = Zp1 = 0.5(1 + h)b® (B.48)
Zis = Zpg = 0.5(1 4 h)b* (B.49)
Define
bS
v=025(1—-h)| b~ (B.50)
—pL
Then (B.41) becomes
bS 0
7' =05 oL | +vg +0250" | —phP (B.51)
b* p”

Combining these market equilibrium conditions with (B.34), and focusing on the
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deviation from the steady state, we have

T1.t 0
1 b
Bieriy+ o | my | —93va — 0.25vb plPe | -1 | = (B.52)
T3t 1
b W e o[
0.5%v(q — qi—1) + 7(1 —h) | 1 | (@ —q1)+— 3 (" —p7) | —1
1 1

B.3 Solution

In order to solve the model, we will write (B.52) as a second-order difference

L,D L,Ay,
)

equation in the variables (g, p,"", ;" We first need to write er;,; in terms of

these variables. Log-linearizing the long term bond returns, we have

TtL—i-l = i1 — D/ (B.53)
Tt—f—l = )‘pt-i-l ptL’* (B.54)

where A = (1 — J)/R. We then have

erit+1 = Qe+l — G + TtD (B.55)
erat+1 = qt+1 — Gt + )\PtLﬁ - ptL’* — Ty (B.56)
€T3 141 = )‘ptL—i-l - PtL — Tt (B.57)

We can write pL = p-? + 0.5p5 and pi* = pb* — 0.5pE ", with - = 0.5(pL +
L% L,D L,
p’") and p;"” = p{ — p;”*. Then

erg i1 = Gey1 — q¢ — 0. 5)\pt+1 + >‘pt+1 + 0. 5pt - ptL’A + 0-57’tD - 7"24 (B.58)
ers 41 = 0. 5)\pt+1 + )\le 0.5p1" — pt’ +0.5r2 —r (B.59)

D __ .
where ;7 =1} — 1.

Next a couple of comments on the matrix Y. Define

o? = vary(qi) (B.60)
0% = varu(rk) = var k) (B.61)
713 = conlders, thn) = conlaurs, M) (.62
023 = Covt(TtLH, r1tL+>k1) Covt()\pH_l, )‘pt—i-l) (B.63)
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We will see that ¢; depends on relative shocks, while ptL A depends on average
shocks (interest rate shocks and financial shocks). Since average and relative
shocks are uncorrelated, we have cov,(qiy1,75, + 7103) = 0 or covy(q1,m17y) =

—covy(gr41,71). Then we have

2 2
07 01 — 013 013
= 0%—0'13 U%+U§-20’13 013 + 023 (B64>
2
013 013 1+ 023 o3

As discussed below, we set the size of the financial shocks (shocks to the tax rates)
in order to match the data for the four moments that enter this matrix.
Consider the system (B.52). First take the third equation, plus the second

equation, minus the first equation. This gives

AEphy —prt = 40572 — 05754 =0 (B.65)

where 71 = 0.5(tg; + 7r;) and TtL’A = 0.5(Ta.rs + Trrs). Assuming that 7

follows an AR process with AR coefficient p and the taxes AR processes with AR
coefficient p,, the solution is

ba L 405 4 05 a4 (B.66)

Py __1—/\th +1—)\pTTt _1—)\pTTt

Next consider the first equation of (B.52), together with the third minus second

plus first equation. This gives

Eqii1—q + Tf) + 0.5TtD +a1q; + ().257(0% — 2013)prf’D —

50— R)(a— a) (B.67)
AEpr? — piP 0P 4057 — 05757 + 2a0g; + 0.5 (013 + 093 — 02)bEp” =

(0 (0

Z(l —h) (b = ") (@ — qi—1) + ZbL(PtL’D —pr) (B.68)

L.D
where 7” = 75y — Ty and 7,77 = Tp s — T+ and

a1 = —0.257(1 — h) (o1b° + (07 — 2013)b") (B.69)
a9 = —025’Y<1 - h) (O'lgbs + (0’13 + 093 — O'g)bL) (B70)

This system can also be written as

qt+1 qt qi—1 D TtD _
AlEt L,D +A2 L,D —|—A3 L,D +A47”t +A5 L,D =0 (B71>
Perq 2 Py Ty
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The matrices are defined as follows. We have

10
- (30) .

—1+a; — (1 —h)b° 0.257(0? — 203)b"
Ay = ) S L NpL YL (B.73)
2&2——(1—h)(b —b ) —1—|—O.5’}/(0'13+O'23—0'3)b _Zb

9 b5(1 — h) 0
A= ( (1—h)(b% —bF) bE ) (B74)

Ay = < 1 ) (B.75)

05 0
A — B.76
> ( 05 —05 ) (B.76)

. . L.D
The system is driven by exogenous AR processes for r?, 7P and 7,

rP = prP |+ e (B.77)
P = p 1P 4 el (B.78)
7l = perl + e (B.79)

One can write the system as a first-order difference equation of the form

L,D LD D D _L,Dvy, :
AFEyx; 1 + Bry = 0, where zy = (g1, p;", @e-1,0.7,71 71 7). This allows

us to solve for the control variables (g, pf’D) as a function of the state variables

LD D _D LDy
(G—1,p 1 1,1, 7). Define

v = ( s ) (B.80)
by

Then the solution takes the form
Ve = Mlvt_l + MQT’tD + MthD + M4TtL’D (B81>

We can also integrate this and write
w=3 M <M2r£ L+ Myt M4rf_f> (B.82)
k=0

with M? being the identity matrix.
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B.4 Calibration

For numerical analysis, we need to make assumptions about the parameters h, 7, ¥,
p, 0, R and the variance ¥ of excess returns. As in the benchmark parameterization
of Section 2 of the paper, we set h = 0.66, p = 0.9415, v = 50 and ¥ = 15. We
set R = 1.0033 for monthly data, corresponding to a 4 percent anual interest rate.
LSV consider the returns on 10-year coupon bonds. A 10-year bond with face
value of 1 and coupons of R —1 = 0.0033 has a Macauley duration of 99.3 months
or 8.3 years. We set 6 = 0.0071, which yields a Macauley duration of 99.3 months.

We use data on real exchange rates and long term bond returns to com-
pute ¥. As discussed, we only need 4 independent moments: o} = vary(g.1),
02 = var,(ApF.,), oas = cov(\pFy, Apry) and o13 = cov(qe1, ApE.,). For a given
process for 7 and r{! we can always match these moments through the financial
shock processes associated with 77, TtL’D, 4 and TtL’A. By symmetry, the innova-

tions in averages and differences of variables are uncorrelated. Then we have

vary(pry) = vary(py)) + 0.25var(pyY)
L% A L,D
COUt(ptL+1apt+1) = Ua?"t(ptLH) - 0-251)@7”15(Pt+1)

We can match var t(ptLﬁ‘) by choosing appropriately sized shocks for 7/ and TtL’A,

with a degree of freedom on the relative importance of these two average tax
shocks. Also note that covi(qi1,pl,) = —0.5cov;(gry1, priY) since py jr‘? depends
on average shocks, which are uncorrelated with relative shocks that affect ¢;. This
leaves 3 moments: var(q1), var(py jr?) and covy(grey, pr 4_?). These depend on
Gr+1 and ptL jf, which in turn depend on 7 and TtL’D. We can choose the variance
and covariance of the innovations in 7 and 7P to match these 3 moments. In
summary, we can always set the variance and covariance of the financial shock
innovations to match the observed matrix ¥ in the data.

Knowing that we can always match moments in the data of the ¥ matrix
by chosing large enough financial shocks in the model, we set the 4 moments of
Y based on data for real exchange rates and long-term bond returns for the G7
countries (see Appendix A of the paper). We set o; equal to the same standard
deviation 0.0271 of the real exchange rate as in the benchmark parameterization of
the paper. We set o3, the standard deviation of the long-term bond return, equal
to 0.0206. We set the covariance between the real exchange rate and long-term

bond returns, i3, equal to 0.0000538. Finally, we set the covariance between the
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Home and Foreign long-term bond returns, o3, equal to 0.000267.

B.5 Model Moments

In order to compute the predictability moments, we assume that the relative in-
terest rate shock is uncorrelated with the financial shocks. We can then ignore the
financial shocks for the purpose of computing the predictability moments. They
only affect the matrix .

First consider the excess return

erseys = =it + 007+ q — a (B.83)

This is equal to erg,41 — ers 1, which is the excess return of the Foreign long

term bond over the Home long term bond. The coefficient of a regression of ery ;44

on P is equal to

_cov(ery, rD)

- B.84
b var(rpP) ( )
Define the vectors e; = (1, —\) and e; = (—1,1). Then
erg 141 = €1M27”£r1 + Z (elMlk+1 + 62]\/[1’“) MorP, (B.85)
k=0
We then have
Bl = p61M2 + (61M1 + 62)([ — le)_1M2 (B86)

Next consider er; ;. 1, the excess return of the Foreign short term bond over
the Home short term bond. Defining e; = (1,0) and es = (—1,0), the regression

coefficient of ery ;41 on rP is
By = per My + (€1 My + e2)(I — pMy) " My + 1 (B.87)

Finally consider the difference between the Foreign and the Home local excess

returns of long term over short term bonds. This is equal to —)\ptL jfl) + ptL D rP.
Defining e; = (0, —\) and e, = (0, 1), this coefficient of a regression on 77 is
53 = pelMg + (61M1 =+ 62)([ — le)ilMQ -1 (B88>
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